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PREFACE. 



le object of rhi-j book is to moke moneyi presumably for the author. 

Iher object of the book is lo Bssiet studi-nts who are pursuing courses 

J EDglneering, to apply Jundamental principles in engineering 

utice; of possible beneiit to the reader. 

While the book has been designed to assist the college student, it will 

e found very valuable to those who are pursumg Correspondence Courses 

T who are ntlempting Uie study of " AUemattng^arrenU" by themselvea. 

t has been slated by numerous writers and teachers that a student 

it obtain an adequate understanding of the subject of "Altemating- 

Tfo's" without performing a ccrtmn amount of numerical computation, 

p nature of "problems". The writer has found, aa a result ofanex- 

iceextendingoveraperiodof many years, which has brought him into 

Kiual acquaintance with students of engineering from all over the world, 

J the average student requires a certain amount of guidance, in the so- 

1 <rf engineering problems that are presented to him. It is the design 

''ul Ihi5 book to fumiah such guidance, and at the same time lessen the labor 

Vir 'teacher", who will not find, however, that all of his "prerogatives" 

<: b'?en usurped. 

.No apology should ever be offered for introducing the methods of 

fulus in the solution of engineering problemB. If the methods of Cal- 

iti do not in at] cases unfold the "whole truth", they produce results as 

,■ in accord with practice as are neceBBary in most cases; while the 

1b certainly insure a great saving of time in many solutions. 

a very many cases no other method at present known can poasibly 

hpiie to obtain results with a desirable degree of accuracy. 

e practical applications of the methods of Calculus were properly 

' ' J by the student, the study of the subject would be vastly 

ing and would prove a moat valuable acquisition to be used 

sional career. The appUcalion of some of the elementary 

pies of Calculus is explained in many of the "ExampUa", and in some 

B tlie correctness o( the method may he "checked" by applying some 

r method. The student should always seek to find a method, and 

y it, to check results. There is always more than one way to fciii 

One often hears the remark from the practical man, "it may be so in 

', but it does not work that way in practice". On the other hand, 

IP mathematician makes certain initial assumptions and after very careful 

matic-ol processes produces certain resiilta—on paper. It is true 

e theoretical results do not always coincide with the results o( practice. 



\\ li.v .' Usually because only jxtrl of the theorj' lius been intoi'jjoritlcd luli 
tbt mathematical processes. TlieresullEiif prac I Ue involve aU the theory 
The human mind cannot aluxiyi have anticipatory comprehension of th« 
total theoretical probabilities that may conEtitute succeeaful achievement. 
As a matter of fact there is absolutely no inhxrenl difference between 
theory and practiee. The practitioner should not sneer at the reaulls obi 
tained by the theorist, nor should the theoretical mathematician hold ii 
light esteem, the products of the practical individual. Both are indispeO' 
eible as important factors of scientific progress. 

However, as regards a "jiroUem" that is presented for solution; givei 
certain numerical values, and slated fixed comJUions, definite results ari 
properly obtained consistent with the given nuinericul values and conditiooBr 
Such results may or may not accord with practice; coincidence is in 
terial ao far as mathemtilical training ia concerned. The solution of 
problems constitutes the nibor of the theoretical individual, ivhosesuccesa- 
ful development depends upon systematic and logical processes, 
proleasional engineer develops by solving problems — on paper, by combin- 
ing the results of one problem with the results of other problems to form a 
well-ordered composite complete result; the whole truth; the result found 
practice. When the complete truth is arrived at, theory and practice 
coincide. M" 

If by any possibility the reader is unable to fully comprehend thl 
mathematical methods adopted in the solution of the problems here pre- 
sented, he will be able to use the retulte obtained to considerable advantage 
in ordinary practice. In this respect the book should prove 'of consider- 
able value to the pmelicing engineer; whether raechanica!, civil, or eleo- 






One feature of the book not to be overlooked ia the insertion from pag^ 
20S to page 216, of various "tables" containing values of variable quan'< 
tities met with in engineering practice, so arranged as to include a i 
range of values, and to render evaluation convenient and rapid. SpeciaU 
attention is directed to the tabulated values of 2irf, tor frequencies froirf 

1 to 151 cycles, with corresponding values of ^-j, (27r/)*, and \~f\ 

found on page 20S. Such an arrangement of values saves a great amount 
of time in solving problems in classwork and in practice. 

On page 213 will be found a tabular arrangement of values of capa- 
cities in farada, necessary to neutralize inductances from 1 to 61 henrys,s 
and produce reaonarice in circuits, when the frequency of the applied alter- 
Uting-presaure is IS, 25, 60, and 100 cycle^. 



A similar table may be found vl I'^z-- 2] 
^yhenrr. 

A ::fih'..liir irraiiz-n-fr;: of *.''.v r- ir j»L^ 
IS rii^rofiirifi- '^p'^-jj-:^ --*zi p^z-- 'I'll. 



r Yiilur^ from 1 'o 









Oiher '.iil'-? app^^r on p-ij- 
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NOTATION. 

'he Greek letters: a, ^, 7, 6, and 0, arc- employed U> denote 
angles, in d^rees. (See page 7 for Greek alphabet.) 6 ia usually em- 
ployed to denote a eonsianl angle; while ^ usually denotes a. variable 
angle. 

X denotes the ratio of the length of the circumference of any circle to 
the length of its diameter. The length of the circumference and the 
length of ita diameter must be eicpressed in the same imits. jr alao 
denotes the unit of angular measure, called a radian; a unit equal to 
3.ilf^ = 57'' "' w (57°. 295). 
E (Epsilon) denotes the base of the Natural System of Logarithms. This 
system is sometimes incorrectly called the "Napierian", and alao the 
" Hyperbolic" system, 
b) denotes angular velocity in radians per second. 
ti;=2jr/(if/denote8 the number of revolutions per second.) 
e denotes an insCaneous value of an alternating-pressure. 
i denotes an instaneous value of an alternating-current, 
^ denotes an instaneous value of an alternating-magnetic field, 
u denotes a maximum value of an akemating-preasure. 
.1 denote a maximum value of an alternating-current. 
u denotes a maximum value of an altorna ting-magnetic Setd. 
Ebic denotes an effective value of an alternating-pressure. 
I^ denotes an effective value of an alternating-current. 
^ denotes an effective value of an alternating-magnetic field. 
M denotes the cjecitra counter E. M. F. of asj-nchronousmotorin volts. 
E denotes any apphed pressure ; in volts. 

Eq denotes the effecliee E. M, F, in volta of an alternator;. (.Alternating- 
current generator.) 
■ i denotes any eurrenl in amperes. ^^__^ 

! denotes impoiance; expressed by ■\R -i- 2x/L - „ ,„ . 

Ig denotes Mniuclanfe. 
b denotes susceptetnce. 
"T denotes adpiilUince. 
^ denotes ohnic resistance, in ohms. 
^ or K denotes awj cotistant, or coefficient. 
p denotes magnetic permeabUily. 

oles magnetic reiue(m(y. p = -. p also denotes specific resistance. 



p di 



I of; or the summation. 



F 

^M y denotes the sign of iQtegra.tioti; an old faahioDed e; deaotrngsanimationl 

H of elementary areas to fomi a desired ai'ea. 

H /denotea/reguency or any altematicg quantity, pergccond. 

■ T deoo 



T denotes lorguii, Also the periodic time. T = 



X denotes reactuiice; expressed by 2ir/L— ■■ .p 

f denotes a difitanee; usually horizontal; sometimes a varying length; 

eometiraea an angle, 
y denotea a distance; usually a ' 
d denotes a distance; usually a 

{ denotes a length. Also the abaolule value of inductance coefficient. 
I. denotes the coefficient of telf-iiiduclanee, in henrys. 
M denotes the coefficitnl of mutual inductance, in henrys. 
t denotes lime, measured in seconds. 

V denotes a speed of rotation, in rei^jfu/tans per minute. 
^ denotes a speed of rotation, in revcilutions per second. 

V denotes a velocity, usually a linear velocity. 
9 denotes intensity of magnetic field in <siiuaiei. (Maxwells per aquai 

* denotes magnetic field in maxwells. 

A denotes an area; either in square inches or in squared 

W denotes magnetic reluctance. SH = — , 



Fundamental Units. 

Unit of magnetic 6us, the maxn-ell =1^ the C. G. S. unit. 
Unit of electrical quantity, the coulomb = -^ the C. G. S. i 
Unit of electrical currenl, the ampere ^-^ the C. G. 8. unil 
Unit of electrical pressure, the voh = 10* times the C. G, i 

Derived Units. 



!, the ohm, = 10 times the C. G. S. unit; 
Unit of inductance, the henry, —lO' times the C. 0. S. unit 
Unit of capacity, the farad, — j'jj.the C. G. S. unit. 
Unit of capacity, the microfarad, = -^i the C. G. S. unit. 
Unit of power, the watt, =10^ times the C. G. S. unit. 
Unit of power, the watt, =10^ ergs per second. 
Unit of energy, the joule, = lO' times the C. G. S. unit. 
Unit of enei^, the joule, = 10^ ergs. 





THE GREEK ALPHABET. 
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Symbol. 


Name in English. English Equivalent. | 


Att 


.ypba 


A a 


B (J 


Beta 


B b 


r-/ 


GtLmjniL 


G g 


Afi 


Delta 


D d 


E • 


Epsilon 


E e (short) 


Z f 


Zcla 


Z t 


Bv 


Ela 


E e (long) 


es 


Theta 


Th 


Iota 


1 J 


E« 


Kappa 


K k (or bard c) 


AX 


Lambda 


L 1 


M« 


Mu 


M m 


N. 


Nu 


N 11 


2{ 


xi 


X X 


Oo 


Omicron 


(short) 


Ut 


Pi 


P p 


P p 


Rho 


R r 


». 


Sigma 


S a 


Tt 


Tau 


T t 


T« 


rpaUon 


(u)y 


»♦ 


Phi 


Ph 


Xl 


Chi 


Kh 


♦ * 


Psi 


Pa i 


' Qu 


Omega 
- =4*. 295799 depj-eM, 


o(loi.8) 


A RADIAN =^ 






=3437.7467 minutes. 






=2062B4,80a2secowis. 












= 57° 18' (Approximate.) 


■4 


.3137. 7467 n 


linutea =206264. 8062 aecondaotai 


1 


ONE DEGREE = 


0.0174329 rmliari. This number is I divided by | 


50.296799. 


- 




Baeeofthi^naturEil system of iogsrithms is : 


■ 


«=2.718. 281 


828, 459, 045, 235, 3. 




Common log of e= 


. 43429448 = modulus ; denoted by M . | 


To convert commo 




common logsritlim by 


2.302,2685; or divide the comn 


on logarithm by 1 


the modulus 4342915 




I mile=5280 feet = 1609.3 meters (very nearly 


M 






^^^^^^^^^H 




THE PYTHAGOREAN THEOREM. 



■^ 



The 80-caIIed Pythagoreiui Theorem, or propoaition, which statet 
that the square on the hypotunme of any right angled triangle is eqital to 
the turn of the sguarca on the Iwo aidet of the right triangle, is of sueh impor- 
tfince throughout the discuaaion of the theory o£ Alternating-Currents, 
that several proofs iiiid apphcations of the propoaition will be given here- 
with. 





Let ABC, figure 1, represent a right triangle with the right angle t 

Construct a square ACHG on the hypotenuse AC, and thesqua 
BCEI and ABJF on the two sides, OC and AB, respectively. 

Draw the straight line BK," paraUel with the aide OH, Draw the 
lines BG and FC aa shown. 

Then the triangle AGB is equal to the triangle ACF, having two 
eidea (AC and AF) and the included angle (angle dj oC one, equal respsc' 
tively to two sides (AG and AB) and the included angle (angle $; of the 

The area of the triangle ABG-i(AGxAD.) (One-half its base by 
its altitude.) 

The area of the rectangle ADKG = AG XAD. 

Therefore the area of the triangle ABO =i area ot rectangle ADKG. . 

The area of the triangle ACF = 1 AFXAB, (One-half its base bjj 
its altitude.) 

The area of the square ABJF = AF X AB, 



J 



Tberefore the area otUie triangle ACF=1 areaof squ&re ABJF. 

From the pievedtng rdalioi^ the area of the rectangta ADEG i* equcd 
to Ae area of Die square ABJF, 

Refeiring to figure 2, the triangle BCH is equal to triangle ACE; the 
Area of triangle BCH b equal to i the area of rectangle DCHK, and the ai 
of triftngle ACE is equal lo i the area of the square BOEl. Therefore the 
area of the rectangle DCUX i^ equal to the area of the square BCEI. 

The area of the retlangle ADKG added to the area of the rectangle 
DCHK is equal to the area of ihe large square ACHG. 




\xy 
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<x 








y 
















B 

































PIG. 2. PIG. 3, 

It ia therefore evident that the area of the square ACHG on the.hy- 
I j)Ot«nuse is equal to the sura of the areas of the equarea on the other two 

Another graphical proof for a particular eotulUion, would be to draw 
I the hypotenuse 5 units (inches) in length; one side 4 units (inches), and 
Lthe other aide 3 units (inches) long. Cocstruct the squares as ahown in 
Vfigure 3. Count the number of unit aquares in each of the three larger 
The fallowing is true; 



)r25 = 16+9. 
The hj-potenuae might be drawn 10 u 
id S tmitB respectively. Then ; 
10'=S'+6'; or 100-64+36. 



n length, and the sides 8 



J 



In any right triangle the perpendicular from the vertex of ibe rj_ 
liiangle to the hj-poienuse, is a. mean propnrtio'tal between the segmenta 
into which it divides the hypoleniiso- 




FtG. 4. 

In figure 4 let ACB denote a right triangle, with the vertej 

right angle at C, from which the line CD, or simply P, is drawn perpea 

dicular to the hypotenuse All at point D, dividing the hypotenuae inb)l 

the two segments AD and DB ; or simply m and n respectively. 

It is deaired to prove that 

m:P!;P:ii, or p*=mXn. (The product of the"m. 
equal to the product of the "exiTeines," .) 
There are three right triangles to be considered; ACB, ACD and DCBjf 
From the Pythagorean Theorem, ii) triangle ACD, 
P*+m*=AC* 
and P'+n' =CB' in the triangle DCB. 
Adding the two eijuations gives; 2P^+m^+n^ =SC'+CB* 

Applying the principle of the Pythagorean Theorem to triangle AC0,'| 

AC'+CB*=AB^ 

But AB'=(m+n)'-m'+2mn+n='. (hne AD=m+D). 

Equating 2P*+m*+ii''=m*+2mn+ii', gives: 2P'=2mXni or , 

P' =111 Xn, which was to be proved. 

In any right triangle, as OAB, figure 5, n;hose hypotenuse is 1 u|d 
in length, as shown by OA, the side AB or the aide opposite the an^e j 
ia called the sine' of the angle &, and the side OB is called the o 



u any aoslB, the f 



**II 9 deootefl uiy angle the alifeb 



" +... 

2 X3 X4 XS XB X7 



of the angl« d. If on &rc of a circle as AR bo drtmii, nitli ihe vertiK of 
the angle 8 as its eeuWr ami with unit radius OA, thfri tlit' line TX, drawn 
parallel niili tlie siae AB, and ungGQt M the arc at T, a called thetanfftn/ 
of Ihc angle 8. The triangle OAB may be calW a datum triimgle. lo 
whichailrightlrianglesofnni/siie, with ihe same angle fli may be retened. 
Suppose the line OX is extended to point C, and from C a line its CD is 
drawn parallel with AB and TN, and intersecting OB extended, at the 
point D. 

Then from geometrical properties the following propon ions or equalit j- 
of ratios of the lengths of lines are true: 

AB OA OB 
CD"oC CD" 

But OA~l, is thebypoienuseof the smaller, and OC' the h>-potenuBe 
of the larger triangle. The angle B is eonslani rpgardlw? of the size of 
tlie constructed triangle OCD, 

Substituting the numeriral value of OA — 1 : Ihe trigonometrical values 
AB —sine $, and OB ^ cosine $. and calling OC the liypotenuse, and OD 
'the Hde adjacent. 

AB OA . ^ . ^ 

from ^ = rrr; isoblamed: 

Bine 6 I >c 


side opposite byiiolcnuse 


i 


1 


eide ttdjacem liypoieiiusf ^^^ "^ 


Side adj. o "'in.. B 1 U 
'' ^^ "* hyp FIG, s. 

Multiplying (1 ) by (2) member by memtier gn-i'S : 

. . a sideopp.Xaideadj. 



Conaidericg the two right triangles OTN and ODC, figure 5, page 11, i 
it is evident that the adjacent side OT in OTN is equal to l.bcing theraditia I 
of the arc TR. The side TN ia the tangent of the angle 9. 



TN^Cp. 

OT OD 



Then from ^r^^^i^^' 



(3.) 



The retationB expressed by (1), (2), and (3) are true for any right anglejl 
triangle, and are applied to a great extent in the solution of alternating- ■ 
current problems involving ''nnffiao/Ioff" and "jioieerfaelor". 

Again consulting fig. 5, page 11, and applying the "Pytbagoreaii''4 
Theorem" to the unit friangle OAB it is evident that 

(4.) I=aln'fl+co8*0. 

Still another important relation may be obtained from the relation j 
of the sides of the two triangles OAB and ONT figure 5, page 11. 

f^ = 7^' and since 0T = 1; TN = tangent ot $; AB=sineof fl, amH] 

OB = C08ineof d; then 



TRIGONOMETRICAL FUNCTIONS OF THE SUM AND DIFFER- 
ENCE OF TWO ANGLES. 



If a and ff denote anj 
(60 8in(«+^) =ain 


two angles, ( 
acosg+CM 


irdenoliog ISO") thee 
a ain 0. 


fiinfSO'-l-ft-am 
8in(180'+^)=su 


(»r-l-/3)=- 




ain(270°+ft-=si 
Bin (asO^+lS) =Hii 


i(2)r+^)= sin 5, 


Suppo8e(3-J:thensin[„+^ 


.«.<.. 


(7.) Bin (a- (3) = sin 


xcmfi-coa 


asin^. 


Bin(90'-^)'=Bii 
Bin(180°-p)=ai] 




)3 


^^L,«b(270°-|3}=Bii 


»(27r-ffl- 


- CO. e. 


Suppose /9=^;theaBiii U- -^ 
(8.) CM (a+3) =co8 tt cos (3 - sin 


a sin /3. 


cosCW+ig)".:..^ 
cm(180'+|3)=c( 


»(i+^)- - 


COiO, 


^^ eos{270=-|-^)=c 


ja(27r + (3j=c 


inS. 

0!|3. 


^■^ Suppose j3-^; then cos 'a-l-' 


].-.i.,c. 



(9.) COS <a-ff)=cosacoaff+ sinaaiaff. 


I 


coa(W=-3)=coa(|-j3]=9m(3. 




cosaS0=-^)=cos(ir-/3)= -cos^. 


^^H 


coMarO^-^j^coaif-^j- -6in^. 


■ 


coa (360''--e)=™a l2jr-/3)=cos ^. 




Suppose S= ;r ; Ihen coa ,a— - =sin a. 


n 


Find the value of ain s—^ . ^ =15° ■ 


1 


, Fromt7).8m(a-(3)-Bin acoa(3-coB« sin ^, 


J 


Let «-s,ajad 0=^=15'. 




Then:- | 


^^1 


ain Ix- ^j =Bin x X coa 45''-co3 x X sin 45-. 




"^^"'^ (vij ~"'^* ivlj* 




-0.707 (sin jc-cos x). Here x denotea any 


logle. 


>■«•' •— «>=r?SSSf h"o=r.l 




twi(S0''+j3) = ma i^+fl = - cot^. 




tan (180°+/3) = laiHT+j3) = tan ^. 




tan(270''+|3)-tan(fT+^)= - cot (3. 




tan [360°+)3) -tan (25r+^) =tan ^. 




1+tan a 
Suppose (3=45°; then tan («+45=) = J^^;^ ■ 




•BipnMion (10) ia obt.incd from IBH («+fll - ^4^1 




1 .in,™fl + ooa = .me 


• fl. 


iLdec dividing bolh Dumeralor lod dDDominator ot the last eipresiion by cos a oc 




^ 



ExatnpliS in AlUntatifiy-Currcnts. 

tan a - tan /3** 
,11.) tan(a-^)=j^j^^^j^^^. 

tan (90°-/3)=tan '!^ -/3 =cot /3. 

tan (180°-/3) = tan (7r-^)= - tan /3. 
tan (270**- /3) =tan (^t - /3) =cot /3. 
tan (360° - /3) = tan (2;r - f3) = - tan /3. 

TT f t] 

Suppose p= -j^ ; then tan Ice- -^ = -cot a. 



15 



**Ezpre88ion (11) ia obuined from tan (a - (i) 



sin (a-^) 



cos (m-fl) 

sin a cos — cos a sin /9 
cos a COS ^ + Bin a sin ^ ' 

after dividing both numerator and denominator of the last expression by cos a cos 0. 



TABULATION OF TRIGONOMETRICAL FUNCTIONS. 



The preceding expresaiona involving the trigonometrical tunctio 
of the fium and difference of angles are tabulated as toUows; — 



90°+^ 
90°- (3 
180°+ ff 



270°+ ff 
270°- 



-Ian 
tan (8 



covers. d = i — 



If the langeni of the auni or difference of two angles, (given in the first 
column] is desired, look in column tour. For example; — the tangent of 
180°—^ ia given in column four, headed "tangent," as —tan 0. If ^ 
denotes 30° then the tangent of I80°— 30°^ 

If the cosine of the sum or difference of two angles is desired, look il 
column three, under "cosine." TJie cosine of 180^— S is —cos fi. 
cos (I80°— 30°) = - cos 30°. 

If denotes any angle, and the abbreviation vers, denotes veraine,! 
while the abbreviation covers, denotes Ci 

(12.) vera.e^l- 

(13.) 

From which the numerical value of the versine and the c 
any angle may be calculated by substituting the numerical value of th^ 
eotine of the given angle, in (12), and the numerical value of the sine of tl 
angle, in (13). 

Figure 6 (a) and (b) will serve to indicate the geometrical relatia 
of the various trigonometric "Junctions" of an angle Usi than 90°; 
(c) and (d) indicate the functions of an angle grealer than 90°. The ang 
less than 90° is denoted by a, and the angle greats than 90° iadenotedl^ 

The given angle being a, in figure (a) , the sine, veraine. tangent, e 
secant are drawn in wide lines, and in figure (b) the cosine, coversiiu 
cotangent, and cosecant, of the same angle, A O T or a, are indicated b 
wide lines. 



Iflhegiven angle is greaier rhan 90' and ia denoted by ^, in figure (c) 
isjhawn ita sine, tangeDi, Beoant and versine, in wide lines; while in figure 
■ (dj 13 ahowD its cosine, cotangent, coseeani ivnd covereine in wide lines. 

The varioiis functiona may be located by the following: — 
AB. denotes the srae. O B denotes the cosine. 

T X or T' N denotes the langeuL E F denotes the cotangent. 
N denotes the seeaitt. O P denotes the cosecant. 

B T denotes the tersine. E G denotes the coversine. 







The numerical values of the 
■jtte tabulated below.—* 



When 9 = 
When 9 = 



When 9 = 0°, 
When e = 90°, 
When $ = 180°, 
mien e =270°, 
Whenfl =360°, 



For the numerical value of the verune of 45°, subst; 
iihie of cos 45°- — = =0.7071, giving: 

versine 45°-I-0. 70711 =0.29289.* 
'orveraiiie60°: 

versine 60° = I — ^ = 0.5. * 

M Wblo on page 19. for veraineB o( olhet BBglea. 



18 Examples in Alternating-Currents, 

For the numerical value of the coversine of 45°, substitute in (13), page 
16, the value of sin 45° = — ^ = 0.7071, giving: 

coversine of 45° = 1 -0 . 7071 = 0.29289. * 
Also for the coversine of 60° : 

coversine of 60° = 1 - -^ = 1 -0 . 86603 = 0.13397. * 

2 

It should be noted that /or an angle of 45° : 
the tan = cotan = l. 

the sin = cosine = . 7071 1 = i\/2 = -7 

the secant = cosecant = 1 . 414 = \/2. 

1 V2-1 



the versine = coversine = . 29289 = 1 — 



\-2 V2 



♦See table on page 19, for coversines of other angles. 
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' Udi<mldl»i.oi«lihaiil.evsloe8of thi ,iii end tt( (Mi« nmr (icjrf I j that tangEOl. and 
1 HuonUa may bkvc any valued bctneEn aod » ; that HoanM uii] conDiktiU uuy have an)' valuQB 



Examples in Alteniating-Curn 



RELATIONS OF TRIGONOMETRICAL FUNCTIONS OF DOUBLE 
AND HALF ANGLES. 



(14.) sin 2 a - 2 Bin a cob 









'■ 


JU 


H-tan''o' 




Thub 


blainedtrc 


m (6), pagi 


13 


by let 


nefl-i 




(15.) 


COS 2a 


^cox'a- 


.^« 


a=2 


«>.=a-l = l- 


2 Sin 


The EangoiDB "^<> 


bnbuuu. 


by 


«„i^ 


fl-,m(Slp»I* 


la. 


(16.) 


tan 2 a 


2ta 


-^ 









wfaioh i* obt^Ddd b; lettlruc 6 'a in (10), paae 14. 

(17.) Sin a=2 sin i a cob -j a. 



^n a— COa (jT-a) -COS (170° - 



(18.) CQ8 a=2 coa^ i a 

whioh'is oblBined br letlini ■ •• -- ii 



>a (15). 



1 -t-Doi n oa c(H> } a iaoblaioed directly IromflSI. 
1 —Ml a -2 ain' J a ia oblained difootly ftoni (171 
(19.) Sin ^ u = = Vi(l-cosaj , 



(20.) 


cosja.-v'ld+m 


a) 


(21.) 


^ 1+COSK 


!-<■ 


AlBOCO 


4«=^^ 






EXPRESSIONS INVOLVING THE POWERS 
OF TRIGONOMETRICAL FUNCTIONS. 



B 2 a) Important. 



n (a+,3) sin (a-ff). 
,a {<x-0) COB la-0). 



(2J.) cas'a =^4- — - 
(24.) sin' o— sin' ^ = 
(25:) cos'ci-cos' ^ = 
(26.) co8*a-9in'^ = 
(27.) By adding (6) and (7), page 13; 

•In i.ce+0) +9ln (a-|fl) =2 sin a cos (3. 
By adding (8) and (9), page 13 and page 14; 
(38.) cos (a+0)+co8(a— dJ=2coBacoa 0. 
By substracttog (6) and (7), page 13; 
(29.) ain (a+/3)-Bio (a-/3) =2 cos a sin S. 
By eubatracting (8) and (9), page 13 and page li; 
(30.) COB (a+(3)-co8 («-,8) = - 3 sin a sin (3. 
If la+0)=9 and (a— ^)=^ in the last four equations, then 

a —(fl— (3) anda = (i^+(3j, and adding theae two equations gives. 

2«=(a+0), anda=^. 

2^-(e^*),andj3=^. 
Substituting the foregoing values in (27), (2S), (29), and (3I» will give: 
(31.) Bin fl+sin =2 sin -^ Xcos -~ , 
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e-\-(i) 6--<t) 

(32.) sin ^— sin =2 cos — t" Xsin —y- . 

e+(p 6-\-(i) 

(33.) cos ^+8in = 2 cos -y- Xcos -^ . 

1(6 = (I) then 

cos ^+sin ^ = V2 sin (45'+^). 
Also a d = (t) then 

cos ^- sin ^ = V2 cos (45°-h^j =v/2 sin (45''-^). 

cos ^+sin = V2 cos (45"-^j. 

(34.) cos ^— cos 0= —2 sin -r— X sin ~z~ . 



RELATIONS OF TRIGONOMETRICAL FUNCTIONS Of THREE 
OR MORE ANGLES. 

It a, (3, and 7 denote any tliree "plane auj^lt's, tli(--n: 
(35.) sin ia+3+7' = 

sin a cos $ cos -y 4- sin JS cos -, cos a -t- sin 7 cos a cos 8— 

sin CI sin ff Bin 7. 

It a = = y in (35j t!iL-n; 

(36.) sin 3a = Ssin q eoB-(i -siii^'o = 3sin a — 4sin^n. Abo Ihr 
following : 

(37.) co3 3ci=cos^c[— 3eosa8lo*'ii= — 3cosa +4 cob"«. 

(38.) sin 4a=4slna cos^a— 4 sin^a cos =4BinoCDBai 

—8 sin' a cos a. 
(39.) cos ia = cosV— fc ainV cos' a + sin* a = I — H cos-rt +H coa*a. 
Also sin 5 O'^Ssin ci-20 sin' a+ld sin* a. 

cos 6 a=5 cos a-20 00s' a+16 cos* a. 

sin 6 0=6003" a sin a— 20 cos' aain'«+C cos a sin' a. 

cos e a = cos* a-15 cos* a sin^ a + lo ciis-« sin* a -sin'a. 
(40.) sin a sin sin 7 ^ 

-»in(a+g+7i+slnl-a+g+7l4-sinia-(3+7'+»lnl»+;3~7 > 

4 

{«.) It (a+(9+0) = 18O' = 7r. llicu.. 

tan i a Ian ^ j3+tan i /3 tan ^ 7+lan ^ 7 tin ^ a= I. 
Also; tan a+tan /J+tan 7 = lan a tan B tan 7, 



(42.) 



ain a+8in 3 o:4-9in 5 a I _ 3 sin a— 4 sin'a 
(cos a-t-cos 3 a+cos 5 a J — icos a+4 cos'a 



Examples in AUernating-Currenta. 
SOME TRIGONOMETRICAL RELATIONS. 

Suppose it is tlesired to prove that in two tight aDgled triangles 
whose two sides are a. and b, as shown in figure 7, that 

n fl+b cos e = V^+i? sin (ff+tan-* \) ■ 




FIG. 7. 

If the angle whose tangent is ^ is called <(>, then tan •i' = i', 



IVa^+b* , Va^+b^ 



n the last equation gives: 

a am fl+b cos e^V^+h" (sin 6 cos «+co9 8 em *) 

= Va*+b^ sin (O+tp) (See sqiutioa 6, pi 



hence: 

(43.) a Bin S+b coa fi = Va'+b* sin (S+ta 
The expression tan'' \ might be UTitten as; arc 



V- 



i 



The symbol tan"' is not very desirable; while this symbol means; 
the angle ot the are whose tangent is, it is better to use the longer expression, 



mptes 



1 Altemaling-Cvrrents 



(44.1 Acose-Bsiiie=v'A*+B^eoa(fl+if'); iftaniJi-B. 
{45.J Aflintf+B co8e-VA^+p8in(ff+0); iftan^-g- 
(46.) Asine-Bcosfl-VA^+B'Binlfl-*); iftan<(i=S- 

The alffebraical gipn ot tbe various trigonometrical functions ia of 
real importance in calculations invoiving these functions. 

The foUon-ing tabulation of tbe algebraical sigcsoflhe trigonometrical 
inctions, as they occur in each of the (our reference quadranta, is arranged 
)r quick reference. 

NAMES OF THE FUNCTIONS. 



f 



FiiBt 

Second 
Third 
Fourth 



Eianipka in Alliriialiiig-Currenla. 
RESULTANT OF TWO FORCES. 



The appliciilion of the Pythagorean Theorem, explained on page 9 
to two forces whith are u'.'iing nt right angles with each other wilt b' 
explained. 




Suppose two torcra ilcLiuted b> P and Q, figure 8, are acling at righ' " 
angles; right angle al The forces might be two mephanical forces.) 
two magneiio forces, two electric pressures or electromotive forces; oti 
two currents j 

It is desired to find the ri'tuttant of these two forces; that is, t« find aJ 
single force that shall produce the same effect as the two forces acting eon-l 
jointly. Draw P' equal to P and perpendicular to Q at its end. Draw' 
R as shown, 

ThenR^-P"+Q^ = p'+Q^ (P'=P)- ,' 

The further apphcation of this theorem is in finding the resultant, 
of two forces that are not at right angles or perpendicular to each other. | 

Let P and Q figure 9 represent two forces acting at an an^le 9 with] 
each other. Draw GC equal to and parallel with P. Extend Q to pointi 
F, drawing CF perpendicular to OF. Now: 

r^=ofVcf^ 

BuiOF-Q+GFandOF- = Q=+3 QXGF+Gf", 



.\l3oGF=CGc 



-Poos 9 



Squaring each member of this equal 



5F^ = P" cos' 8. Therefore OF^ =Q'-f-2 PQ ci 
ButCF = CGsine = Psinfl. 
From which CF' = P' im^ e. 



Substituting in R* = of" + CF* the value* 
OF^=QV2PQcofle+P*cM'tf 

givee; r'=q'+2 PQ coa^+p' 6ij'e+p' a 
=Q''+2PQco3e+P' (fln*fl+^^ 
But from trigonoaielry ain^ B +coa' 9 - 1 , 
Then r' =P"+Q*+2 PQ cos 6. 



I 



or R = v'P*+0^+2 PQ COS S; which is an erpressioB for the Mctortol 

turn of two forces. 

The numerical values of the cosine* of angles are ptwiiiue for values of 
angUi from lo 90 degreti; but tteffadVe for values ot any angles from 90 
to ISO degrees. So for values of angle 6 beluxen 90° orHf 180° the equa- 
tion vrould be: 

R^=P'-f-Q'— 2PCJco9e. 

otIl = VP^+Q'— 3 PQ cos 6. which [9 an expresaion for the 

veclorial differenee q{ two forces. 

The arrow-head at the end of a line denotes the direction of the 
or quantity, which the line represents. The dtrcclion in which a force 
o( any kind acta is of great importance in evaluating a resultant. 



Resultant of Two pDrces. \ 

EXAMPLE I: What is the value of the resulrant of two 
forces, one of 40 units, the other of 20 units, if the angle between 
them Is 60°? 

R = vT5*+lo'+*2X40X2[IX cofl60°; 

- V2000+800; (cos 60° = J) 

=52. B Ana. 

EXAMPLE la: Find the resultant tf the angle between the 
two forces is 120°. In this case:— 

R = VlC00+4O0-2X4Ox2OXi 

= V20OO-8O0 

= v'l200 

=34.6. Ans. 



(ifss than when fl = 60* ,) 



Find th.c resultant of tieo for: 



PROBLEM I: 

angle between them i 

PROBLEM lai Find the reaultant of f 
the angle between them is 135°. 



SOLUTION OF TRI.\NCLES. 

AfL application of the principles of Trigonumetry to the solution of a. 
tri&ngle is of such usefulness in the evaluation of angles between vector 
quantities such us are found in oltematinK-current engineering problems, 
that it will be outlined here, and several examples worked out. The proof 
of this application is giveo ia " Etamptes in Magndiim." 




If a, b, and c denote the three sides of a triangle of any shape whot- 
ver, (one being represented by figure 10) and A, B, and C denote the 
.Angles (in degrees) opposite the respective sides, then the following 
relations are true: 



= bVc'-2bcc< 



)A. 



o'-a'+b''-2abco8C. 

It is evident if the numerical values of the three sides are given, that 
Uie values of the cosines of the three angles may be computed, and the 
value of each of the three angles, in degrees, may be found by use of "tables" 
of the natural cosines of angles. . 

Solving the ijrstof the three equations, for COS A; 

Co.A. - •'-/-'' , 



Expressions for cos B and cos C may also be found. 



SB> BxampUs in AUernating-Currerdi. 

EXAMPLE II: If the value* of the three sldea of a triangle 
are as follows: a = 10 feet, b = 1 J feet, c ^ 14 feet; find the angle 
A in degrees. 

100-144-196 240 

-*- - "^i 3T» -+0 71.2S 

From tableoE cosines; A =44° 25' . 

Find the angle B in the some triangle. 

144—100—196 152 

■-■*-- — m sb-+°«^ 

From tables, angle B = 57° 7'. 

Fiod the tmgle C in the same trisjigle ; 

196-100-144 -48 



jaC-- 



240 



From tables, angle C = 78 28' , 

Since the sum of the three angles ot any triangle is equal U 
angles or 180 degrees (or v radians), the above result may be 
by adding the values of the three angles: 



179° 00' ■= 180 degrees. 

Another example will be given. Suppose the sides are a= 10, b = 12, 
andc~5, find the angles A, B, and C. 




PROBLEM N: Find Ike anffle between the raiullaht and the LAmiBR 
force mentiomxi in Eiampk I, page J''^. 14" 44' Ajts. 

- PROBLEM Ila: Find thf- angle betwet-n tLe resultant and the 
tmalltr forcementioncdinistaniplel.pageSS. 
Prove the answer is porreot. 

INVERSE n'NCllONS. 

Inverse functions, suppose Ibc given fuiioliiHi is expressed 
by y^e"; wliich meaos that i.lie base of tlip natural eyalera of lugaHtlunB, 
denoted by c, is raised lo the x power, la this cnse z dpnotes any value; 
then the inverse function wiU be cxpreased by y=log;^, sinue from the 
given tuQction is obtained log^ = J lo^,t: or j- = Jo(;j. (tog,e = l.) 

The inverse function o! y = sin fl would be fl = Biii~'v; read; fl = 
the arc (or angle) whose sine is y. Tlie synibol sin"' does not mean a 
oeg&tive powiT, and should not be tri?atr-d as surh. 

An irwerm /urtrlnni might Oifn, be defi'wl us Wic Tesail oj solving y 
funetioni, U), in{iiT"iioJ z, and obUUning the residt; xfiinclii>Hi (y). 

While it is advan|.a);i>olis at timos to express pqiiationa involviog 
trigODometriual (unctJaoE in lemis of "invurse funntions", it should be 
noted that 1/ = sin 0, ^ =^ cos 6, and ij = tan 9 are niiyh txdu&i functions; 
that ia, for any one value assii^ned to y, C baa one, and only one value, 
but the inverse functions are many valued. 



Suppose B'^ma^y, then 9(I"+S = sin'' 
pressed inriuiians; 90°=^j. 



.■ I +» ■ 



(Ex- 



Also 380"+ 
(positive value ir 
raluee of angled. 


the example 


>r+9 = 

itpj) o 


sin'V. That 
y tlicre are n 


is; tor one value 


If two anglps differ 
Uon, they are said to be 


by 360= 


or l-a (radians) or on 
I, (SeepageSg.) 


complete revolu- 


^^1 aJn-^x- 


2-ct 




+'>=Sx)xa 


+ 


^Vbm-'x> 


r 


-IT =X 


^ + 


-.'_'■'+ 






Exampka in AUnrnaling-Cit; 



1. The differential of a CONSTANT is zero:— 

d {a) =0. 

2. The differential of the SUM of two functions Is the dif- 
ferential of the first, plus the differential of the second: — 

d(u+f.)=du+<lv. 



4. The differential of the LOGARITHM to base f of any 
unction, is one divided by that function, multiplied by the 

differential of the function: — 

dilog rl-i dx. {e = 2.718...) 

5. The differential of the SINE of any function, (expressed 
radians)i6 the cosine of tbe'function multiplied by the differential 
of the function: — 

d(sina)=coaxdx. 
The foregoing five rules are the fundaoienlal ones, from which all 
the succ;(«ding rules may be derived. 

6. The differential, of a constant times any variable func- 
tion, is the constant multiplied by the diaereniial of the func- 
tion :— 

d (lu) = n dx. 

7. The differential of any FUNCTION TO ANV CONSTANT 
POWER, is the variable function raised to a power one less than 
its initial power, multiplied by the exponent of the initial power, 
multiplied by the differential of the function: — 

dCl") =Il.T"-ldj. 

ordd') =5i*dx. 
Specialcases of this rule are: — — 

dv'x=d(i!) = Jx-ldii=iXi)djt-^ dx, 
□d dii)=d(x"')= -i»dx, (See under rule 9.) 
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ThedifI«rentialof the PRODUCT uf two functions, is the 
first tnultiplied by the differential of the second, plus the second 
multiplied by the diDerential of the flrsti— 

d (uv) =udv-i-[>du. 

9. The differential of the QUOTIENT of two functions; or 
the difCerential of a fraction, is the denominator multiplied by the 
diSerential of the numerator minus the numerator multiplied by 
the differential of the denominaior, ail divided by t be denominator 
squared. 

This rule is probnbly applied in practice more than all the others 
taken collectivoly, taiii aliould Ije most thoroughly studied in ita many 
^plications to engineering pmi'Lin-. 

II the two functions lire both unriables, then; — 



Special coHe: d 
(Consult rule 7.) d (j"') = 



-Uj-' 



i-^dx 






10. The differential of t with a variable exponent, la t with 
the same exponent. limes the differential of the exponent: — 

dtO^r'dx. (e=2,ri8, ™ i»ga7.) 

The differentiala of the various trigonometrkul funi'tions more com- 
monly used will be mentioned, uaing the symbol x to denote a varying 
angle. In placn ot x, i\m Greek letters denotinR variable angle may be 
aBed;aiichas0, ory. 

11. The differential of the SINE of any variable angle (or 
function) Is the cosine of the angle, multiplied by the differential 
of the angle:—* 

Differential of sin i = d (sin t) = i-oa x dx. 



In this case X denotes a vary in r angle. 
This rule is of tonaiderable importat 

IS follows : 

(tu:)=ui:03lai) dx. 

lin (80 =-40X80 t:<js (801) 



e application of it will 



eipKSded ili^litlf diSereDlly. 



AII.T 



um-CumnU. 



II. 1'lie dlllvrrntlul of ilic COSINF. of any variable funct 
I mlnuo Iho aln« of that function, tnuitiplled by the dllTeren 
% titii functtvn!— 

d {no* i)— ~ sin X dx. 
Thl» .'omc. from viUue i.f .■«.. i- ain (iir-i) -sin (90°- j) . (See : 

10 aa,) 

J. Th* dlRt'Tenilnl of i\w TANCiENT of any variable an 
1 r«i-lpr<K-ul vt iht^ctMlneoI The angle squared, all multlpl 

r thv dlllvrt'iiilul of the ntiBlv. 

»lh«>r vrunlN, thi' dlf(i>rt'i)tiii1 of the tungeni ol any varid 

Iptic la the iHITvrenltal of the angle divided by the square of 



the angle. 

OiVMl'.UuiJ— ^ ]■ 



■^.' 



I 



U. Itw diSenniUI of th« CX>T.\NGENT a< uv i 
augk W minus lti« JiflvfNiiiU vt the angle dhidvd by ibc aqa 
uJ the klnv uf the ttnj0«. 




The inverse function of Ihe foreipiiiig expression is: — 

^'•cot $. But by mutliplyiog tbe two equatioi 
member by member gives : — 



cotfi 
tbe reciprocal 



, .-.."— tan? cot ff = 5 X -: — j " 1; or tan 

d\ dy cos 8 suio 

The diflerential of the inverse function, is equal i 

of the derivative of the direct function . 

DIFFERENTIAL OF INVERSE TRIGONOMETRICAL FUNC- 
TIONS:— 

16. The diflerential of ihe ANGLE WHOSE SINE IS I, la 
equal to the differential of the angle, divided by the square root 
of one, minus the square of the angle. 





The angle whose sine 


is X may be expresacii by '■- 




I/^ain^'x orj/-= 


ang(ain=x). 




thei 


x=Bmi/ anddx 


= coBj,dy = v'U 


luPtfdj 


sod 


dx = Vj^dy 


= x^, which subs 


ituted in 




EXAMPLE III: Differentiate y 


= 8iti->2x- 




In thia case 2^^ = 


siny. 





17. The diHcrenliai of THE ANGLE WHOSE COSINE IS ! 
Is eipresaed by:^ 



dy = 



' Vl- 



18. The diflerential of THE ANGLE WHOSE TANGENT IS i 
is eipreased hy; — 

dwig(taa=x),ord(y = tan-S(),ord(x.tanK). 

.dy —^ I 

= —J- 1 and T" = cofl y = , . , „a . 
corj/ dx 1+tany 



dx= 

Butlan'j/=x'*. Then dang (lac =x)yv: 
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DIFFERENTIAL OF INVERSE TRIGONOMETRICAL FUNCTIONS. 1 

Recapitulation of tbe diSereotials of inverse functions, with additiotu 1 
is given as folio wa: — 



VlZ? 



d(8in-»x) = 

d (tan"^) = rr-i d (2tan"* x) = r— ^, 



d (cot"*x) = - 



iW 



d(covers-M = 



' V2x. 



If the base of the system of logarithms is conat&nt, tben:- 
il y"a*; dy=a'logadx 
y— «'; dy-^dx. 



METHOD FOR FINDING THE LENGTH OF CURVES. 

\VheQ the equation at any curve is given in terms of x and y. y being 
the independent variable, the methods of Integral Calculus may be ap- 
plied to find the length of the curve between any two points or between 
assumed iinii'tj, aa foUowa : — 

Denotmg the desired length of the curve by s, and the two limits by 
a and b, the expression for the desired length is: 



m. 



h 1 dy 



EXAMPLE IV: The length of the curve of the parabola ex- 
bf y'=2pr, between Its vertex and the end of the latus 
rectum* 1b 



EXAMPLE V : The length of the catenary curve is expressed by 

y=g«»+e"»'), between the points (x,0) and (x, y)iaf(t" — ('»' 

The preceding is useful as applying to tlie length of wires when sus- 
pended freely between two insulators, as in transmission lines. 

The matter ot the length of curves will be treated more at length in 
Vol. II- in relation to transmission Unes, 



, exleoding to tho right Er 



INTEGRATION. 

Int«griLtioD IB often deflned aa the iiwerie of differenlialian. ManJS 
examples of inverse operations have already been given. A few comparufw* 
examples o( inverse functionB. will however be cited aa (oilowa:— 

z=san^ = u:)|i;k whose sine iB2=arcsii 

sr-<* ■i'=log^. 

The second member of each equation appearing in the first column 
above is the iru^erse function of the second member of the equation o 
same line, appearing In the se(»>ad column. 

Applying the foregoing principle, int^ration would mean finding the' ' 
value of a function from the differential of the function. 

When a function is thus found, it is called the iniegral of the differential 

of the function. The operation ia indicated by the integral sign I . 

n given above ia expressed by:- 



The differential of the first equal io: 
I— 2i/dj(. 

.\pplyinE rule 7. page 32 .toy', and rule l.poi 
The integral of thia differential would be expressed 



by.-Jd../^ 



2yAy. 



This is i=y +C, in which C denotes a conatant which must always ,' 
be added to the final integral e.xpression. The numerical value of the 
constant of integration may be found by some mathematical process. 
Its value in the present case is 1. 

The constant C may have an infinite number of values, and then tha 
integral expression itself will have an infinite nmnber of value 
casea the expreaaion ia called the indefinite integral of the differential eX'- 
preasion. 

As a matter of fact integration is a process of a 
probably first designed with the object of summation in view. Th«j 
symbol y^ denoting the proceaa of integration ia simply an old fashioned 
6, the first letter of the word "sum", originally written J'xin 

One important use of integration, so far as the solution of cngineer'ng 
problems is concerned, is to fumiah a method of finding the areas included 
by "curves", or between certain prescribed "limits" arbitrarily assumed. 

When integrating an exptesaion between prescribed "UmUs" the oon* 
fltant of integration is omitted. 




ExamjAca m AUtriialing-Citrreiits. 



The iotegrol o( a function or of on expression in this case is aaid to be a 
''definite" integral. There can be but one value of the inlegrol. 
^ The prescribed limits ore of course Tijiequal in value. The smaller 
is called thein/eriorlimil and ttelargerthesupCTTor (imit. 

The inferior limit is designated by a. figure or a symbol placed at the 
right of the lower end of the integration sign, while the aupewor limit is 
designated by a figure or symbol plaeed at the right of the upper end of 
the integration sign. 

To designate that the function dy " azdi is to be integrated between 
the limits of 2 and 5, it would be eipreaaed by:— 



r.-"j: 






See pages fll, 62, 71, and 75, for other examples. 

A definite btegral is the limit of a sum. 

It is unfortunate that there is no General Rule that may be applied 
[or the process of integration. At present each problem requires specific 
or individual consideration, depending more or leas upon the results of 
previous cases. The present method of integration is more of a "trial and 
error'' method than is perhaps desirable. 

To facilitate the application of the process of Calculus to engineering 
computations, a number of typical integral expressions have been obtained 
by mathematicians, to meet as many conditions as possible. 

A few of these typical expressions have been arranged on page 41. 

The chief difBoulty encountered by the engineer, is in reducing the 
mathematical, or algebraical expression at hand, to one of the type forma. 
This process at times requires mental (^ymnaatics; called by some, mathe- 
maliced aTtificcs, which ore not easy or simple. 

The following rules may be found useful aa artifices ; — 

RULE I. The Integral of the algebraic sum of a number of 
DIFtERBNTlAL cipressions is equal to the algebraic sum of 
' the INTEGKAUi of the aame expression; each considered 
separately . 

For example : difierentiating the expression 

J'dx +J'dy -fAz 
givea^ 

da+dy—di. Hence: 

7*(dj+di,-dr)=ydi+ydy -fAz 
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RULE II. A CONSTANT factor may be written either before 
or after the integration sign. 

It is probably less confusing to write the constant factor (or factors) 
before the sign of integration. 

This is.shown by the following expressions : — 
S ^hydy = ab y* yhy. 



Exampki in Allernaling-Currents. J 

A TEW TYriC.U, INTEGRAL EXPRESSIONS.' 

I. J'mnede= ^tose+C. 2. /amae.lfl- -'^-^y^+ C. 

3. ycoafldfl-aine + C. 4. f vos^^'iS ^ 2mi^^ + C. •' 

5. J'sinj:co6xdx''~'^-ms2x + C. 6. _/ «os m i <to - ^-ii|^ + 

8. ycos=eije = ., + Jsm2e+C, 

9. ysin-flco3'9dfl = isia=ff+C.. 

10. y taiieclfl-l[>g.fecfl+C=— lug-eosfl + C. 

11. ycotfldfl = log.6infl+C. 

12. yflecfld9=y^+C = laB(Bece+tMie)+C = l0KUn(^ + J| + 

13. ycoseeed9=10Btan^+C. 

14. yidi-|-' + C, 15. yj^dT = |- +C. lb. yj:Mj:=^ +C.e 

17. ypipf -=log{i*+lJ+C = iog(j^' + l) +logC = bglCd'+l)]. 

18. ys/?r?dj:=i(a:Va^~7=+a'af<-3m;-) + C. 

If tKe tone of the system of logarithms is a constant, then : — 

19. ya*di:=,-^ +C. 20. yzf'"di= \ (»' (n.x-n + C 
" log a ni 

21. J'^dx^e'+C. 



22. ysb". 

23. yco«°, 

24. yain 



+ '—J'co^-'xdx+C. 



sin (m+n)j 
2(m+n) 



xp„™.-;yeo 



I 
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DEFINITIONS. 
ALTERNATING QUANTITIES. 

An alternating quantity may be defined as a quantity which chaogeK I 
from positive to negative maxima values during equal and regular recurrtog if 
intorvalB. Between tliese maxima values the instantaneous values 
values at different instants, may have very different values. Whatever I 
the variation in the iostantaueoiis vuliies may be, it always takes placa J 
according to some definite low. 

There are three important alternating quantities met with in 
trical Engineering; alternating- pressures, or E. M. F.s, altemarlnA- 
currents, and alternating- magnetic -fields. 

AcFoniing t^ the dehnition, each of the three quantities vary tn both 
magnitude and direction during equal intervals at time, and may be 
alluded to u^ a waBe. 

It makes no difference what the shape of the alternating wave rday be, 
eince it is a periodic function of time (time being the independent variable, 
while the variation in the inatantaneoiis values of the alternating quantitjr J 
is the dependent variable), it is always made up of a sum of a number of | 
simple aine-toavKs; the component sine-waves may have different maxima 
values, different frequencies, and different starting points. This fact is 
known as Fourier's Theorem*, which should be carefully studied. 

All the alternating; quantities mentioned are single valued functions; 
that Is for one assumed value of the independent variable there is one-and 
only one value of the dependent variable. This may be better appreciated' | 
by consulting any of the equations expressing an alterttating-pressure a 
current, and substituting therein any assumed value for the indepeadoii J 
variable;suchas tifflein seconds or in fractions of one sectmd. 

When considering a "diTect-cunenl", the current is assumed to have a,M 
certain (fircrtion, and while the magnitude or the amount of the current m 
vary (either increase or decrease) its direction n 

Defmilion oj AUerrtniing-Cur 

An allemaiing-curTent of electricity, however, is one which changes itit 
direction of action, as well as its magnitude, always according to Bom 
finite law of regularity; which always provides that the direction of » 
must chunge at certain definite intervals. The reffulixrity of the chan 
in both mr^^tude and direction, is a most important characteristic of K 
al t*ma ting-curren t. 

■ Byerly, Fuuritr'i Siriet ond Sithtrinl Harjnonia, pofft 3 




Exampkg 1 



.,HH.urr. 



An alternating-current, as definftJ, may be represented by a curve, 
I OS Bhown in figure 12, or in figure 30, page 109 in which all distancea meae- 
I ured upward from OX are considered as positive (+); while distanees 
h measured downward from OX are negative (-). If a current is considered 
Itosl.art from Gaud to increase according to some law in a positive direction, 
I'it readies a certain maviiimm value, donotpd by + m, at which point it 




FIG. 12. 



begin 



3 deerease according to a definite ian" until point d is reached, 
value is again sero. From this poJDt it continues to increase in 
the opposite or negaliue direction, imtil — m is reached, when it begins to 
decrease, numerically, continuing until point h is reached, when its value 
again beuomes zero. 

The continuous repetition of such changes constitut-ea an altemating- 
-ouirent. 

While it is possible for an alternating-pressure to have the form of a 
uae-curve, such is seldom the case in ordinary practice. For some pur- 
poses a sine-curve shape would be desirable, while for some other impor- 
tant results, forms far from a sine^wave ahape would be more desirable. 
Since pressure, or E. M. F., is the cause of the so-called electric current, an 
altemating-presaure applied to the terminals of any circuit will produce 
oUerTuUing-vTirretit in that circuit. It does not follow, however, that 
line-curre pressure when applied to the terminals of a circuit will 
produce in that circuit an alternating-current having a sine-curve form. 
While the resulting current is an allernating-carcvnt, it may be distorted 
a sine-curve ahape. The causes that may distort a wave-form are 
Dmmon one is the variation in the magnetic permeability 
of the medium surrounding the circuit, at different flux densities. 
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Another is the variation in magnetic flux density of the field through which 
an inductor is moving with uniform motion. Also variable motion of an 
inductor in a uniform field, will produce a non sine-wave of pressure. 

If on the other hand the alternating-pressure applied to -any circuit 
has a shape that is not a sine-curve shape, the resulting current, although 
it is an alternating-current, will not usually have the same shape as the ap- 
plied pressure. 



Enim-pUi 



PREOUENCY. 
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When a. current ha« paaaed from zero to a positiv 
and through a negative inaximum bonk again to zero, it is said to have com- 
pleted one cyek. The curve in figure 12, page 43, denotes one cycle. 

The interval of time during which an alternating-current completes 
one cycle is, in practice, a fraction of a second; from 3-^ to ^ of a second; 
11 called its ■period, or its jKriodic-time, and is denoted hy the letter T. 
ITie number of complete cycles of changes in one second ia termed the/re- 
juencj, and ie denoted by the letter/. 

The relution between the periodic-time and the frequency is expressed 

Id figure 12, time in seconds (or fraction of a second) is plotted horizon- 
tally, and the distance from O to h might denote -j-J^- or -^ of one second, 
88 desired. In this case T ia denoted by the Une Oh. 

The character *>- , called the tylde. is often used to denote cycles; 
25 '^" means 25 cycles per second. 

The altemaling-current curve illustrated in figure 12, page 43 is a 
"tint-turve" , the equation for which ia: 

i = A Bine = A sin (2Tr/t.) (fl = 2ir/(). 

In this equation « denotes an inst^mtaneous value which is constantly 
changing; A denotes a constant, and d denotes a varyinganglc; considered as 
madeupof BeveraUactors; some conatant,2ir and/, and one, (i), a variable. 

Curves alluded to or discussed in this book are referred to rectangular 
co-ordinate axes; the vertical axis, or the axis of ordinates beii% designated 
as the V axis, and the horizontal axis, or the axis of abacisaae being desig- 
nated as the X axis. These two perpendicular axes or datum lines are 
eseumed to intersect at a point designated by the letter 0. The point of 
intereection is sometimes called the origin of this system of co-ordinates. 

If a curve is a symmetrical one, auch as a circle, an ellipse, a parabola, 
or a triangle (isosceles), the curve ia usually located with one of its axes 
(axis of symmetry) coincident with one of the reference axes of the system. 

In many cases, such curves as the circle and the ellipse, are located 
with their cenlers at the origin of the coordinate axes. 

Such curves are designated by equations expressed in terms of x and 
y, which denote the variable quantities. For example, x may denote a 
variable lime, a variable angle in degrees or radians, or a vnrUible vehdly; 
while y may denote a varying E. M. F. or pressure, a varying current, or a 
varying magnetic field. 



k 



The equation of a circle when referred to r 
with ita center at the origin O is; 



^tangulur coord i nates 






[ an ellipse under the same conditions ia 
, if b denotes its major axis, a denotes 



and the ellipse is located as ihown in figure 24, page 
page SI.) 

If a curve ia a time-funelimi curve such as a 
Bciasae or x values denote the independent vnriabte, 
t, and usually exprcBsed in seconds or fractions of 

tity depending directly upon the time. In this e&se the ordinates or jj 
values denote a, df pendent variable, such as an alternating-preraure, 
temating-cuirent or an alternating-field. 



(See page 70 and 



;, then the ab- 
(being denoted by 
id)oT some quan- 



a ame-pressure : 



Theny=Asin/might be writtc 

e = E„u sin (2jr/[], to denote i 
as; i = Iin»» s"" (27r/ri, to denote a 
or as; *=*nuiisia (3ir/i), to denote a sine-field. 



Whenever a cur%'e is designated in ter 
quantity is denoted, and when these lettei 
a specific variable quantity is denoted. 

A parabola, when its axis is coincident 
is pointing upward, is designated by: 



B of 2 and y, a general variablft' 
are replaced by other letters, 



with the y axis and its vertHi 



while a parabolic pressure 
by: 



similarly located, would be expressed 



in which equation, e denotes the instantaneous value of the variafaliL 
pressure, at the end of an inter\-Ql of time (denoted by () after a posi- 
tive maxinium' value of the same pressure. The constants ni and p may 
beevaluatedif/uv) corresponding values off and (are known. 



d fiom lb« begii 






Exarnptet i/i .illnriuiling-CuTrenia. 
PRODUCTION OP ELECTRO-MOTIVE FORCE. 

In order to study the production of an induced elei^tro-niotive force, 
having the shape of a tine-curve, by a eo-udted altemating-cuireDt gener- 
ator, or OS it ia commonly called, an allernalor, let figure 13 represent a 







uniform magnetic field, having a total strength of $ lines of force, ($ = 
urea of the coil times the lines per unit area) and a direction from pole 
N to pole S, in which magnetic field a rectangular coil of copper wire de- 
nof ed by c d e f, is so arranged that it may be turned about an axis denoted 
by AX, which passes through the center of the field, and is perpendicular 
to the ma^etic lines of force of the field. 

The wire of the coil ia insulated from the shaft, and has one end at- 
tached to one collector ring, and the other end attached to the other col- 
lector ring as indicated in the figure. The collector rings are supposed to 
be insulated from each other and from the shaft. Two brushes make slid- 
ing contact; one with each ring and thus make electrical connection be- 
tween the rotating coil and a resislance denoted by R; which may be called 
the external circuit. 

The distance from the axis AX to either side of the coil is considered 
to be unity. 

AsBume tlie initial or starting position of the coil to be when its pluie 
horizontal, or perpendicular to the direction of the magnetic field, and 
that the direction of rotation of the coil sliall always be cnunler-clockwise. 

Suppose the coil to rotate at a constant or uniform speed of nrevolu- 
tioDB per second. The time of one complete rerolution will then be |j- = T. 

Here T denotes the period or the periodic time as mentioned on page45. 



In the case of a two-pole 6eld. ^ =^=T. That is. tJiere are 8« 
many complete cycles of induced pressure, per second as there are complete 
revolutions per second. 

In the assumed horizontal initial position, the number of lines of 
force included by (or passing; through) the coil, is a maximum. 

Since the coil might be rotated through some distance either side of 
the horizontal position, ivitliout producing but a slight variation in 
number of its including magnetic lines, the rate of ctiltmg magnetic lines 
nbile moving through a very small distance in the region of the initial posi- 
tion, is very small, and wken actually moving through Iht assumed ini 
poKilion, the rate qf cutting is tcro. 

Therefoce the electromotive force induced in the coil, due to the rate ^ 
of cutting lines, or due to the rale of change in the included magnetic flux, 
must also be zero, when the coil is passing through a horizontal plane, 
Tiiis means aero current in the external circuit. 




Neyt suppose that the coil in its motion has completed ^ of one revolu- 
tion and is in a position as indicated in figure 14. The effective number of I 
magnetic lines now passing tlirough the coil in its new position will be 
* cos 45°. 

Further; when the coil has completed -J of b complete revolution 
and is in a position denoted by figure 15, the number of included lines i 
will be zero, but the rale of cutting the lines will now be a, maximum. 

The itirectwn of the induced pressure may be ascertained for any post- I 
tion of the coil by applying the right-karid rule, as given in "Generator ' 
and Motor Examples''. The directions of the induced pressures and 




nufnerital value 



Any induced elcclromoiive force, denoted by e, depending in value 
upon the "rale of change" in magnetic flux, may be espreesed, in terms of 
CalcuhiB, by: 



dt ■ 

The negative sign in this ease simply denotes that the induced pressure 
is in aueh a direction as to oppose the motion of the coil; according to the 
law of the conaervulioTi oj energy. 

The law governing the variation in the flux iJj, will therefore determine 
the instantaneous numerioal vaUics of the induced pressure e. In other 
words; if the magnetic field is not uniform, even though the motion ot aa 
inductor ia uniform, the induced pressure will not undergo a uniform 
variation. 

If the field as shown in figure 13 were not uniform, with uniform rota- 
tional motion of the coil as shown, a non sine-wave of induced pressure 
would restdt. 

To make the problem a general one, suppose the coil in figure 13 has 
turned through any angle whatsoever, that may be designated by a. 

The time required to do this may be designated by I. 

If angle be measured in radians, out complete revolution will be 2v 
{radiant). If the coil rotates n revolutions per »eamd, the ai^e turned 
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through in one eecnnd will be 2irn (raJiane.j. Therefore the angle- turned 
through in any time I, will be 2irnt. 
Then: 

ax (2irn() (I may be k amkU tnetioa of • aeeond.) 

The m^netic flux through the coil when it is ttt an angle a with the 
aaaumed initial position may be expressed by: isn Gcun iSaj 

*=*coa (270.1) 



bute=— "i: .andti 



—2Tn * sin (2jrn()dl 



e = +27ni*Bin (7r2ni) 
Tliis shows the induced preasuce e 
pressure, of the form; 



Emii sin {■2iml) =Eu,s< sin (2inil); 
Eo^ain (2^/0 =E^ gin (2;r/(): 
=2T;(*Bin(2;r/(). 
Such a curve is shown graphically ii ^ 
in which OA denotes the position of the rotating coil at a certain ins 
(when 2jr/;-o:), while the length at OA' is proportional to the > 
value (denoted by Emai), that the induced pressure ever assumes. 

When the coil is in the aaaumed initial position, angle a=2im(=0, 
»nd the mduced pressure e = Q. (■ineofo'-O.) 

The so-called "radias vector" OA' will then occupy a position OA, 
along the X axis. 




a figure 16, aUo 




When the coil is parallel with the magnetic lines of the field, imgle 
a=2n/(=90°; but since the sine of 90° is equal to I, then; E„i„=2ir/*; 
being the maximum value it can ever have, and which is denoted by OA', 
figure 16. 



There ia one instant during each half revoluiion, when theinslaotaneoua 
Talue of the induced pressure is cumerically equal to the maximum value. 



As the coil continues to rotate from the 90" or j position, [see figure 
« isf/eCTCoBinfl in value, and when ai=2?r/t=180'', B is again=0, and 

the coil la agaiik in a horJiontal position; but the side c d is now wheie e t 
in the aamimed initial posiljon, and relative lo the coil the direction 

of the hnea of force tliroiigh il is just opposite lu (he direction initially. 




FFG. 17. 

Therefore during the next quarter rerolution the induced presaure (and 
, resulting current) is inereming (numerically) in the opposite direction, 
(eee figure 18) to that during iho first quarter revolution; similarly during 
Ihe/ouWA, quarter revolution, the presaure is decreasing in the opposite 
direction to that during the second, quarter revolution. 

By aesuming various values of angle from 0° to 360", and Bubstituting 
their Datural sines in eqitation (1). pnge 50, a complete cycle of induced 
prteaure may be plotted. 

If instead of only one revolving rectangular coU, there were N coils, or 
one eoit consisting of N turns of wire, wound close together and occupying 
only a small fraction of the whole circumference then the induced pressure 
will be N times as great; or e =N2ir/* sin (2t/0. 

Since the direction of the pressure was considered as positive during 
the first hiilf revolution, the ^■ariolIs values of pressure wore plotted above 
tile line OX: or above the X axis, in figure 16. Since values during the 
second half revolution were in ilie •ippoaile direction, they were plotted 
downward, heUmi the X axis, and designated as negative. 
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It is evident from the foregoing explanation that the length of the 
radius vector OA' denot«B the maxirouin value of the induced pressure, and 
by its angular relation with Iho horizontal datum line OX, denotes the 
angubr position of the relating eoil indicated in figures 13, 14, 15, 17 and 18. 




It may be said that; 

OA'— Emu, and by irigononielr> 
A'B = e = OA'Hin (27r//). 



Iriangli' OA'B, figure 1(>, 



If the distanc^e O'p. along OX is pqual to the length of the semi- 
cirrular are AA'A'D, and )/X is equal to the same length, i the distance 
from O' to p, (O'n) is ^ (radians) or 45°. If at this point a perpendicular, 
n i is erected, equal in iMigth, (or proportional to) ; 

sincof 4S°XE,Btt«= •;^XE„„=0.707 E^^., 

it will be one ordinate ol a so-called atne-curve ot pressure. 

The sine-curve shown in figure 16 ia a. (rue sine-curve so to speak; 
meaning that the mnjcimum ordinati^ of the curve is equal in length to the 
radius of the generating circle AA'A"D. This might be stated in another 
way by saying that A in the general sine-curve equation, y^\ eia x is 
I; orEiDti^l in the case under consideration. 

If the radius of the generating circle is linxln, say 1 inch, then the cir- 
cumference of the circle is 3.14159 inches, and the horizontal distance 
O'X is also 3.14159 inches. 

II EniM had beer 100 instead of 1, the haar of the sine curve would 
have been 3.14159 or 27r, but the maximum ordinate would have been ItW 
inches instead of 1 inch. It is customary to consider alt eraating-quantities 



having a base 2^ in length ; thul ia, buE^ on unit arcle;bui in represent- 
■jng Buph C|uantitirs by mpana of graplis or curves, t.lie proportionate rela- 
-iions are not adhered to. If such ft'eru the case, a nirve conlftininB the 100 
■volt (maximtim) pressure jiisl. alluded to would haw a base 3.1415!) {2x) 
fnchee long, a positive mtiXJinum 100 inclii^s long and a negative tiinximum 
100 inches long; requiring a aiiect 4 inches wide and over 200 iuuhee in 
length, if plultrd to scale. 

When OA' in figure Ifl, page .'iO, see alsQ figure l^a, page 50, has an 
angular position 135* (or Jt), thee ordinate will be the sante in length oa 
for the 43" postiion, but lorAtcd at hi'. 

Ulicn OA' has a position 225'*, (or ^tf), the instantaneoua value of 
« is denoted by In. Im =hi', but the sinp of 225° being negatitie, Im is drawu 
diivynward from ihe d.ituni line. 

Wliile OA' and likewise the rototing poil, nialscfl one complete rota- 
tion, the inditcpd pressure e goes tlirough one eomplotn cycle of changes. 

The curve 0'i}ilX, denotes a complete cycle; denoted by "— . 

One revohition of the armature ooil in a two-pole alternator, wiU 
produce one complel* cycle of allemnting prcBsure, and this allernating 
pressure acting on a circuit will produce one complete cycle of altemating- 
current. 

Since in the ease under conaideriition n =f the pressure may be ex- 
pressed by: 

e = EffiM Bin (2jr/0, and thp current by: 

> = ImM sin (3)r/i); jirovided it is a sine-wave current and in phase 
with the indiic4'd prcaeure. 

If the Cdil dfscribed rotates 25 tim^a in onesecond a25 '^' pressure 
will be produced and if a closed turiut exists, a 25 •>„ current will result. 

Should the Bjmple alternator described, be provided with Jour poles; 
twoN and Itvo S with l]i,.e poles opposite cacli other, the same speed of 
TOLation would produce twice the number (50"*--) of complete cycles; or 
Uie coil inight be operated at one half the speed luid produce 2ij '''^. This 
doea bol mean the numerical value in mils of Ihe 50 ""^ pressure and the 
25 "^ pressure will he the same. The intensity and frequency of an 
alternating-pressure are quite independent of each other. 

An equation showing the relation of frequency, number of poles and 
.qwed may be given as follows; 

ljet/= pn ; in which / denotes the frequency, or the number of complete 
cycles per second ; p the number nj pairs of poles, and n the numiwr of revo- 
lutions per serond. 



Since the speed of machiocs is usually obtained and expressed in revo- I 
lutions per minute, letting V denote the revolutions per minute, the abova 1 
equation becomes: 




If p denotes the number of poles, then: 

■' 2 ^ lift 120 "^ 

This fundamental equation applies to any alternator with a rerolvingin 
armature, and also to synckronoui motors; wheo it is desired to compute T 
their armature speeds. 



Practical Application. 

Since the revolutions per second, and the fre<iizeiic_v of the currei 
two-pole alternator are Ihi- same numerically, a small two-pole alternator 
may be cjnployed as a tptrA iiidli-otor. If a small ''tiiaganio" or telephone 
bell ringing Runerator, be electrically <'onnc(rtcd with a frequency meter, 
such OS a Frahm vibrating reed instrumout, the apparatus becomes a very 
reliable speed indicator. The frequency indicat«l by the frequency nieter 
being the speed of the magneto armature, jk^j sc:''nd. The magneto 
amiatvirc may be belt«i to, or direct -coupled with, the shaft whose speed 
is d<;9ircd. 




Eiampkn m Ahir. 



EXAMPLE I: Find the speed, tn re*olutiona per minute, 
a 24 pole alternator, to yield a preMure at 60 cycles. 

The general equation lor this cose is DATA. 

, P V . ^. ^ / = 50oyaes 

/-^-;mwhi.h P=24poles 

/ denotes cycles per second ; O 

P denotes the number of poles; 
V denotes the speed in rerolutions per minute, 

Solving the above equation tor V, after making the proper numerical 
aubetitutions gives: 

V= -^2 — 300 revolutionB per minute. Answer. 

PROBLEM I: Firul the required spetd.in retioUliuris per minuk,of a 
i pole atleritaioT, to produee a pressure having a frequency of GO cycles per 
tecond, IBOO revolutions per minute. Answer. 

Problem la : Find the speed, in revolutions per minute, of a 
24 pole alternator to produce a pressure having a frequency of 25 cycles per 
second. 

Problem lb: Find the speed, in revolutions per aiiniiie, of a 
4 pole alternator to generate a pressure having a frequency of 25 cycles per 
second. 

INDUCED E. M. F's. 

EXAMPLE 2: A straight conductor 1 meter long is displaced 
parallel with Its initial position and at right angles to a uniform 
magnetic field at a rate of 100 meters per second. If the field 
strength is 100 C. G. S, units, what E. M. F. Is generated in the con- 
ductor? 

DATA. 
The general equation is: ( = 1 meter = 100 ccntimetere. 

e' -iHv abvolts. H - 100 C. G. S, units, (gausses! 

■ 10000 ceniimeters per second. 

w 



:« volts. 



Substituting the given numerical values gives 
_ 100X100X10000 lOQOmXlO _ 

•~ io^ " loouoooou "' 

Thii not ID nllerDBlIiii-pKraure 



PROBLEM i; A simight wire 1 {not long U displaced paT(Ulei with 
Us inilial poalHon onii at Tiyhl angles lo Ihe direction of the lines of force in a 
uniform magnetic field at a rale of 100 feet per second. If the field strengthis 
1000 gausses, find the induced pressure, in volts, between Ihe ends of the 
moving wire. 0.929 volt. Answer. 

Problem 2a: A straight wire 39,37 inches long ia moved parall?! 
with its initinl poaition, and perpendicular to a uniform magnetic field at 
a rate of 32.8 feet per second. If the field alrength ia 100 C. G. S units, 
(gausses) find the E. M, F. induced in the given length of wire. 



EXAMPLE 3; A straight conductor 1 meter long moves al- 
ways parallel with Its initial position In simple harmonic motion 
with an amplitude of 1 centimeter, at right angles to a uniform 
magnetic field having a strength of 1000 gausses. If the periodic 
time' is ^g second, ivhat maximum E. M. F. is induced In the 
conductor? 



The induced pressure at any poaition 
of the moving wire is expressed by ' 



DATA. 

/ = 100 cms. 
7 = T= juVij see 
H = 1000 gausses. 
-0- -- 



The length I, ot the wire is constant; H is a constant; v ia a variable. 
The velocity of the moving wire variet, being zero at the extreme positions 
of the wire, and a maximum when the moving wire ia passing through a 
position half way between its two extreme positions. The question ia 
then, lo find the velocity of the moving wi ' ' ' ' *' 

median position. 

The maximum velocity of the moving wire is me a 
have if moving with uniform motion in a circle whose radiu 



e when passing through its 



e it would 
have if moving with uniform motion m a circle whose radius is 1 centimeter, 
at 1000 revolutions per aecond. The value of v in the above equation thus 
becomes: 



v=2irX10(KI centimeters per second. 



100X1000X1QOOX2T 



pressurnj 



27r volia = 6 28 Volts. Answer. 



Exampki. 1,1 Alt,n,.il,„/M ■■" ■ ' 

PROBLEM 3: A straight conductor 1 JoqI long, in arranged to alway* 
mom paraUel with tta initiai /wsifion, in simple haTmonic motion, wUk an 
amplitude of I foot, at right anyles to a uniform fielil having a slrenglh of 
1000 ganKscB. If Ihc periodic lime of the moving icire is jg of a second, 
find the valae of thu maiimum itid-uced prtusure. 

V=19I5.I2 cms. per second. Emu^O 5S3 volts. Answer. 

Problem 3a: A straight conductor 2 feet long, is arranged to 
always move poraitcl with ita initial position, in simple harmoiiic motion, 
with an amplitude of 1 foot, at right angles to a uniform magnetic field 
having a strength of 1000 gausses. If the periodic time of the moving wire 
iaioi a, second, find the value of the maximum induced pressure. 

INDUCED A. C. PRESSURES, 

EXAMPLE 4: A conductor bent Into the form of a rectangle 
whose longer dimension Is 100 centimeters and whose shorter di- 
mension is 3D centimeters is arranged to be turned about an axis 
which Is parallel with the longer dimension, as indicated In figure 
13, page 47, with uniform angular velocity of 10 revolutiona ■ 
per second in a uniform magnetic field having a strength of SOO 
gausses; so that in onepositlonof the rectangle the magnetic lincsof 
force pass normally or perpendicularly through It. 

Find the value, In volts, of the maximum E. M. F. induced in 
the rectangular circuit. 

DATA. 
The maximum indueeci pressure is H = SOO ciiuases. 

espreesed by ; /= 2 X 100 = 200 cmp. 

e' =H(V (abvolts) r = 15 cms. 

800X200X2TX15XIO , n = 10 revs, per second. 

= ■ ~W ™"' V =2,rni, - 

'i I 509 volt. Answer. ir = 3. 14159. 

I volt =10* abvolts. 

PROBLEM 4; If ">ere are 100 turns of wire in the rectangular circuit 
merUiontd in bxauplg 4, find the value of Ike induced pressure, if all other 
tmditions remaiJi as there alaled. 150.9 volts. Answer. 

Problem 4a: Suppose the oxLi of revolution passes parallel v 
die shorter dimension of the coil mentioned in ex.^mfle 4. Find the value 
of the induced pressure, in volts, if oil other conditions remain as stated ii 
the example. Compare result with exauplg 4. 






If the current (ravels 188,000 niiiee i 
one second and there are CO complete cycl< 
per second, ihe length of one cycle must bi 



EXAMPLE 5: If electricity travels along a wire circuit with 
a velocity of ISR.OOO miles per second, find the wave-length, in miles, 
of a eine-wave current having a frequency of 60 cycles per second. 

DATA. 

/= 1)0 cycles 
V* = 188,000 milca 
X denotes the length 
of one wave or eycle , 

O 

X = )- or X = J-^"^ = 3133} miles. Answer. 

PROBLEM o: Ij declruily Iravda n nreuit wilk a veloHly o/ ISS.QOO 
mi[t» per jfccoiitf *, ^thI Ihe wnit4englh, in milts, of a nne-ioai'e oitrenl having 
afrequeney of So eyde» per tccoiid. 7520 Miles. Answer. 

Problem Sai If electricity travels through space at a speed of ' 
188,000 miles per second, find the frequency neeessary lo produce a 
wave-length ot Hi3.BS feet. 

Problem 5b: The wave length of the radiation in the aolai 
spectrum nt the D line is rj - ^po inch. What must be the frequency of 
an electrical discharge lo produce such a wave-length'? 

PROBLEM oc: // a ivmiegg IfUgtvph impulse traBcls at the rate of 
ISS.OOO miUa per aeeoitil, how long will it takt for an impidge to arrii-e o 
Ch( 8't'i ofl'-r lrmi'.g an antenna on thr earth / The sun I's said lo b 
01,000,000 mitts from tk-- (nrlh. 

478.7 seconds; or nearly S minutes. Answer. 



*The valociw ol liaht at 
1S8.0D0 diUbi per Kcond. 



Sxamjilea in AUematinir-Cvmjits. 

EXAMPLE 6: Find the Instantaneous value, in volts, of the 
pressure, at a time 5.003 seconds after the beginning of a cycle, 
between the terminals of an alternator producing a sine-curve 
pressure, whose eSective value is 707,1 volts, having a frequency of 
25 cycles per second. p , ~ , 

The equation applying is: Eeii =70". 1 volts. 

e = EmMBin(2jr/l). E™u = 707.1X1.414 

-IIMMI volts. 
Making the propernmnericalsubBtitiitions gives: / =25 cycles. 

« = 1000sin(2»-X25x5.003) (=5.00.3 Bcconda. 

= 1(MK) sin 250.15ir= 1000 sin (O.ISx) O 

= 1000 ain 27°-1000x0.45399= 453,99 ¥Olta. Answer. 

It should be considered that an angle may be more than 3ft0° or more 
tban 2 ir nidiar\a. In most text-books deding with alternating-currents, 
angle ie meaaured in radians. Tables of trigonometric functions are hovr- 
ever usually given with reference lo angles measured in degrees. 

I riHiiftn=s^'' or-if»=57.2057-=57''I8'. (3«pag9 7.) 

If on angle is 360°, plus more degrees, its sine and cosine is the same in 
value as for the given angle minia the 3C0°. It is therefore evident that 
BO far aa evaluating the trigonometrical functions of an angle of a large 
numher (larger tlian 300) of degrees is concerned, all even values of ir, or 
of 360°, may be rejected. 

For example, what is Ike sine of 40.2ir7 

ir=180° and 40.2 ]r= 40.2X180° =7236°. 

The queaticFn now ie, what is the sine of 7236°? 

To produce this angle, a radius vector, or generating line, must rotate 
■VWf =20.1 times. The aine of 360° is 0; the sine of 20X360° is 0. The 
Bine of 7236° is therefore the same as the sine of -^ of 360°, or of ^^jr, which 
is the wne of 36° = 0,5S779. The inrie of 40.2 tt = ».58779 Answer. 

Again : Wluit is the sine of 41 .2 x ? 

This is the same as the sine of 7416° or of y^; or of l,2jr = 
4^X180° = 12X18''=216°. Sineof216° = -«.5877'l. Answer. 

Further; What Is the mne of 43.6 ir ? 

This is the aanie as the sine of 7848°; or of .^^; or of 1.6)r=28S°, 
The ainc of 288° = -0.95106. Answer. 

The sine of 2.1t = sin 378° - sin (378°- 360°) = ain 18° = +0.30902 
{even multiples of ir discarded). 

The sloe of 1 .lir =sin 198° = - ain (19S°- 180°) = - sin 18° ■- - 0.30902 ^J 

i{oid multiples of v not. to be disearded). ^^^ 

This iUiistrates the TiccE>ssity of considering carefully the sign of the ^^H 




Examples in AUernaling-CurrtnU. 

PROBLEM 6: Find the InBtantaneouB value, in voUg, of the prcs- 
ture between the lenniTiate nf an allernalor ihal produees a »ine-wave presaure 
hainng a frequency qf 60 q/eUs per second, ajid an effecliiie mhte of 707.1 
voU», ai a time 5.003 seconds after the compictian of a cycle. 

9M-6 volts. Answer. 

Compare this result with that in example G. 

Problem 6a: ABSumicig that n mngnelin field varies according to 
the sine-curve law, find the instantaneoua vulae of the field, in maxwells, 
at a time 5.003 eeconda after the flux ie zero and starting to increase in the 
positive direction, if the effective value of the flux is 7.07 megamaiwells, 
and the frequency (iO '"'". 

0=^in« sin {3x/t.) ("mega" means one miUion.) 

EXAMPLE 7: Plod the instantaneoua value of the current, 
In amperes, at a time 5.003 seconds after the completion of a cycle, 
in a circuit in which the effective value of the 
the frequency 25 cycles, and the form of the 

DATA. 

The general equatioQ for the above -ondi lions is: !«[ =70.7 amp. 

Imii =1.414X70.7 
i = Im« sin (2jr/(), = 100 amperee. 
/=25<rycleB. 
Makitig the required numerical substitutions gives: ( =5,003 sees. 
1 = 100 Bin (2 Xs-X 25X5.003.) t=180°. 
= 100 sin 250.!5 T = 100sin .15 tr. O 



= 100 Bin 27'' = 100X0.45399=45.39 amperes. Answer. 

The application ot fundamental principles in this ease may be appre- 
ciated by consulting pages 45 lo 46 and figures 13, 14, 15, and 18, pages 
47, 48, 49 and 52. 

PROBLEM 7: Find the inslaTUaneoas value of the current, in amperes, 
at a time S.OOS seconds after the completion oj a cycle in an alteniaCiTiji-airreTU 
eircuil. in u^hich the effective value oj the ntrren! is 70.7 amperes, the frequency 
60 cycles, a>ui the current a sineioave. 90.4S amperes. Answer. 



Problem 7a: Find the instantaneous value of the magnetic field, 
in maxwells, at a time 5.003 seconds after the completion of a cycle, in a 
field in which the effective value of the flux is -^ megamaxwelt, and the 
frequency 25 cycles; assuming the field varies according to the 



I AltemaHng-CiirreJitt. 



^ AVERAGE VALUE OF SINE-CURVE. 

EXAMPLE 8: The miiKlmum value of an alternaiing-c 



having the form of a sine-curve 
value for a half period, from ti 

The expression for & sitK^wiivy 

Tl;e average value of lln- 
current will be tlio arra of ilip 
lobe OAB indicated by tlie un- 
shaded portion in figiui? Ill, 
divided by the base ^, as siiown . 
The time from to B-^ 

The area of the positive 
lobe of the current curve having 
form IB enpressrd by : 



s; whut Js Its average 
DATA. 

IniBi= 100 iimperes. 




-2,; 



Average value = ^ X 



2x/ 



- l„„ = .6366Xl00=63.66amp'8. Ana. 

r 

The area of the inchiding rectangle OCDB, figure 19, of one lobe of 
temiB of the inaKiniiim ordinate Ibiu and the baae ^ is 
by; 

1 yi„„ (bBK muWplied by the sititudt) 

2/ 
But the area of one lobe of the sine-curve as found, ia expressed by: 



Hence the ratio of tliii 




PROBLEM S: Fi'ul Ike times, in fTactions oj a M»nd, after the begin 
ningnf (i fxigitive hbe, during one complete cycle, at wkieh a 60 cycle airw 
H-idic iilliriialing-pressure iisaumes its average mtue. 
Ist at end of .0018302 second. 
2nd at end of . 0065031 second. 
3rd at end of .010l635secottd. 
4th at end of . 0148364 second. Answer. 

Problem 8a: Fiod the frequene.v, in pycles per second, of i 
alternating -current, liaving the form of a aiiie-wiive, that passes through 
its maximuia value every y^-j of a second. 

The periodic time of one cycle being ^ - .0!(1G6I16, prove the vahie 
aa given in the above answer are correct. 

The bases of the alternating-current or alternating-pressure curveB 
might be expressed direi^tly in terms of the time In seconds or in fractions 
of a second; denoted by I, instead of by tt. 

If the frequency of the alternating quantity is60'"'^ which ni 
.01C66i second for the base of a complete eycle, the base of one Wie i 
alternating-curve would be J of ,0H166i'= ,0083331 second. 

Time in seconds is the independent vuriable and the values of the 
altematJDg-quan titles, (pressure, current, or magDetio field) will be the 
d^ecdcnt variable. 

Suppose it is desired to find the aVeragp value of a sjue-wave pressure, 
having a frequency of 60 cycles per second, between the limits of and 
Y^ofasecondjmeiuiingthe average of one lobe. xia^2> 

The pressure may he expreaaed by: 

B-Enuu sin (2t/|). and multiplying both membera of the eijualion 
by dl. eivea : ^jj ^ ^^^ ^j^ ^^^fmi. 

The area included between this curve and tJie X axis, or betweer 
curve and the horiiont.Al datum line is ejcpreased by: 

/rhs fit 

e'i;=J^E^.sin(2;r/()J( 

_P \^ C03 (2ir/t) 



2--/ 

which divided by the basi- }/ wil 
Whon I - ,!., 27r/( - Ueir - T - ISO 
When 1-0, BUS (2»/l)- + l 
^eefovbleia S, page SB. 



[-(-])-(-!)] 



, MUn. 



.i.il-Curr, 



EXAMPLE 9: If the maximum value of an alternating- cur- 
rent bavlnft a slae-wave form is 100 amperes, find its eSective 

(of the equEire root of the mean of the squares) value. 

, - DATA. 

The general equation of a sme-eutve is ; 1^, = lOO amperes, 

V^AbUJi; (intibicib a denolea b conBtmit) _^ ^q 

X denotes a. varying angle expressed in degrees, in radians, or bb a 
(unction of time; y denotes the inatanUiHeiitis values of the sine of the 
vaiying angle multiplied by the constant A. If A = l a true sin(M;urve 
is expressed.* The general equation will be rewritten to apply to the 
given current as: t = 100 sin x, and is represented by the curve OAB, figure 
20. If a new curve as OCR is drawn with ordinates whose values are ob- 
tained by squaring the corresponding inBtantaneous values of the sine 
curve, this represents a "curve ofaqTiarea", of which the equation will be: 
i* = 100*sin^2 
The area of thb curve, between the limits of and jr will be expressed 

by I rdx = 100 I .sin i '//, The eknienlary area is y dz. 

To eliminatB complexity in the process of integration by the presence 
t, it is advisable to introduce some equivalent expression 





Exampks in AlUriialiiig-Ciirrenls. 

Dividing the above ojcpresaion, by the base it, gives for the AVERAGE 1 
VALUE of the curve of squares; A|a'=5000. __ 

The R. M.S.. of the square root of this value "v'SOOO*" 70.7 amperes. I 

The area of the curve of squares of a sine curve, is thus found ti 
5 I^niBii which IB irue for the cun-e of squares of a: 

The eSective value of an alternating- pressure or c 
the square root of the average of the squares of the instantaneous 
values of the pressure or current; which alsi> applies to ati alternating 
pressure or current, of any shape. 

If the altemating-presHure or current is a sine-wave in shape then the 
fixed relation between its "scjuare root of the mean of the sqiiareB" and its 

E.„- 5^!-%. 0.707 E^ 

orW-'-^---'^ -0.707 1™ 

This definite relation is true only when the pressures or 



The area of the reclnngte Ihat incivde» one hhe o] the curve o] squares 
of the sine-curve, may be expressed in terms of the inaximum ordinate 
(l^m»x) of the curve of squares and the base x of the same curve, by : 
s" I mai (Imu refers to the sine-curve.) 

Theratioof the two areas niay be expressed as; 

area of curve of squwes ^ I'bi»i _ tt 1 Which is true for any 

area of including rectangle ~ xl'ma, ~ Stt ^ 2 sine-curve value. 

Or the area of the curve of squares = i the area of Ihe including rectangle. 
Consult Jigiire20,page63. in tbisflitun the height of Ihoreccuigleslioiildbe- 10,000. 

PROBLEM 9: Find the effective v(Utie of the current, in amperes, in 
an allemating-currenl eirtniit, in which the instantaneous value of the current 
is 141.4 amperes at -W after the beginntJig 0) a positive lobe, assuming Iht 
shape oj the current wave to be a sinf-curve. 141.4 amperes. Answer. 

Problem 9a: Find the times, during one complete cycle, in trac- 
tions ot a second, after the beginning of a positive lobe, at which a 60 
cycle sine-wave alternaling-preasure assumes its effective value. 

PROBLEM 9b: Find the frequency in cycles per second, of a sine- 
wave allemating E. M. F. tliat assumes its effective vtdve every -^i^ of a 
second. /=50 cycles per second. Answer. 

Problem 9c! The base of one lobe of a sine-curve being 3.14159 
inches long, and its maximum ordinate being 155.54 inches, compute the 
area, in square inches of the curve of squares, aod of the rectangle iacludiag 

the curve o[ siiuares. Coneult Plate I, psge 1. 



ExnmpUs in .I'ft nn/li/iff-Ciin-crifi '•'' 

EXAMPLE 10: If the eDecilve, or the Root of the Mean of the 
Squares, or R. M. S. value, of a sine-wave pressure Is 100 volts, 
what is its mailmum value? Find iu amplitude factor. 

The expression for the given coaditiong is ; DATA. 

B„ = V3 Eaif E«i-100voits, 

Ifaence En», = 1.4142X100-= V2 = 1.4142 

=141.42 volts. Answer. O 

To find its amplitude factor: 

The amplitude factor of the aine'CUTve is defined as the ratio of the 
inaxiniuii] value of the sine-curve, to its average value; or; 

For any alternating-quantity the 

maximum Enwi 141.42 

Amplitude factor = ■ — ■ — -— = ■=- — ■ = ,■,,,„„,,,., ,„ " 1 .57. Ans. 
*^ average E,, 0.6^66X141.42 

The average value of a aine-curve is given in example 8, page 61, in 

terms of the maximum volue, aa | lam. 

The amplUvde faclor must be jp^ '^i" ^~^ — " ^■^^°' 

PROBLEM 10: Find the numerical rofue of Vieform factor of a sine- 

Form factor of a sine-curve is defined as the ratio of its effective value 
to its average value, 1,11. Answer. 

Problem 10a; If the base of one lobe of a sine-curve is 6.2S 
inches, and its maximum ordinate is 10 inches what ie its area in square 
inehee? Find the area, in Bqaare inchea, of its curve of squares. 



i 




Exiimi>tcs ill Alkrnaliny-CurrentB. 

EXAMPLE 11: Given the equation of an alternating- pressure 
to be £==141.4 sin (377 0; find Its frequency; Its effective value; 
instantaneous value when It Is changing at the rate of 2000 volts per 
second, the greatest rate, in volts per second, at which It changes; 
the value of the instantaneous pressure. In volts, at this instant, 
and the value of i, in seconds, when e first arrives at a negative 
ntaximum value, after the beginning of a positive lobe. 



2jr/= 377 DATA. 

/= — =60 cycles, (very dearly) 



E„a.=I41.4 volte. 

E,H= 0.707X141.4 
Answer. =999.59 vo 



Ew- 0.707 KU1.4-999.G9 volts. Answer. 
By Calculus, the rule of change is expressed by: 

^ =377X141.4 cos (377 
If the rate of change ia 20CK) volts per secoDd then; 
2000-377X141.4 cos (377 () 

2000 



141.4X377 53307.8 



=0.03751 



L 



Fronitablesof natural trigonometricalfunctions, the angle correspond* 
ing to the cosine 0.O3751 ia found to be 87° 51', and the sine of 87° 51' is 
found to be 0.99930. 

Substituting this value of the sine in the original equation gives: 

e = 141.4x0.99930 = H1.3 volts; being the instantaneoua value of 

the pressure, when the pressure is changing at the rate of 2000 volts per 

second. 

To find the maximum rate of change, place the value of the first differ- 
ential coefficient ^=141.4X377 cos (377 0=0; then cos (377 t) = 
When the cosine of (3770 =0 the sine of (3770 = 1; the two curves being, 
90° or J apart. 

The pressure ia changing at a maximum rale when the curve is paBsingI 
through the horizontal datum line. The sine^urve of pressure ci 
the horizontal datum hne when (377 D^ISO" or some multiple of 180°. 
The maximum rate of change occurs when the curve ia paflsing from positive 
values to negative values or vice versa; when passing through zero or hori- 
zontal datura. 



laling-Currenta. 



3 (377 I 



When passing through the horiKonto) datum, i 
depending on whether (377 t) is 0°, 180°, 3«)°, elc. 

When the cosine is I, ^'=141.4X377 = 53307.8 or the pressure is 
changing at the rate of 53307.8 volts per second. Answer. The 
value of the iDStaataneous pressure at this Instant is 0. Answer. 
It the cosine is— 1 then |f = — 53307 .S or the change is opposite from that 
when cosine is +1. If in one case the direction is upward, in the other 
case it is downward. 

The first negative maximum, after the beginning of a positive lobe, 
ocoursat a timet', in seconds, that may be found as follows: 

The periodic time is: 

T=^=ji^=one-8ixtieth of a second. 

The interval of time from the beginning of a cycle to the first negative 
n must be: 



loti 



= tIu or ■g'jf of a second. 



4t _ 
2B-XtM) 



i; of a second. 



Another method tor finding the required interval would be to substi- 
tute tor e in the original equation, the numerical value of the negative 
I, and solve the equation for '; as follows: 

-141.4-141.4 sin {377 t) 

n(377t)=_l 

■ns that (377 t)=270°=|7r (in radians). But 



inUng-Curreiils. 



RATE OF CHANGE OF SINE-CURVE ALTERNATING- 
QUANTITIES. 

The definition of alWmaiing-quantitiea infera "rate of change". 
order that an E. M. F. be induced in a circuit, the magnetic field eur- 
tounding the circuit must undergo a change. The change in altemating- 
quanlitiea is not uniform but vi 
the rate of change at any given in 

Suppose it ia desired n 



The expreaaion for the current i; 

i-Ioi„ain (2Tr/() 
Differentiating gives: 

di==2T/I„„cos(2 
Butco5i = sin U-!-90°) 
-sin {x+^) 
and fos (2ir/t)=Kin (2T/t+|) 
Then: 



ible and it is often important to know 
of change of a. wne-current. 



S-^Tfluu 



a (2ir/!+^) ; in which f, denotes the n 



:urve t = Imiii 8ia (2s/0- 
V thua be aaid to be another 



oj change" curve o( a bidb- 
that is 90° or £ in advance 



of the given 

PROBLEM 11: If the eqitalian of an aUemaling-CMrrent is S8S.8 nn 
{.i57 .08 t),fi'nd itsfTequeney]ite e^erUve valve',ilt ealve when it m changinff ot> 
the rate of SOW amperes 'per seeond; iis maximum value] Ua average uoJim; 
tfie value of Ike lime I in seconds, u'ften i ftrst reaches a negative maiamum 
vohie after the hegiiim/ig of a positive lobe, and the time interval, in secondi 
between Ixco such ratues. 



Answer. /=25''^ 
Effective value 200 volts; 

Instantaneous value when changing at the ral 
per second, 281.2 amperes; 

Maximum value 282.8 volts; 

Average value 179.8 amperes; 

First negative mailmum after t^tf^^^**!"!! 

Interval between maxima values -^ secood. 



! of 5000 amperea 



Examples in Alternating-Currents. 69 

Problem 11a: If the equation of a sine-wave of alternating-mag- 
netic flux is = 14,140,000 sin (3770, find the greatest rate, in maxwells per 
second, at which the flux is changing; the instantaneous value of the flux at 
this instant, and the instantaneous value when the flux is changing at the 
rate of 1000 megamaxwells per second. (In the equation as stated above, 
14,140,000 means 14.14 megamaxwells; mega meaning one million). 



Examphs in Allmml 



■ig-CiiTrc'its. 



EXAMPLE 12: Find the average and effective (square root oF 
the mean of the squiirca) values, the form-factor and the amplitude 
factor of a Bemi-clrcular wave shape, of aliemaiinft pressure, of 
current, or of magnetic field, given the maximum value of any of 
these to be 3 . 




Let figure 21 denote the positive lobe of a aemi-circular wave, whose 
maximum ordiniite, OA=r^5i ""'i ^'"•^^ '^''^^^ = '';'"' i ^^^ basc = 
OB=j=r. 

Assume the circle to be located with its center at tlie origin or iuter- 
section O, of the rectangular co-ordinate axes, OX, O Y. 

The equation ot the circle when ao located is: 

1/ = * y/r-x"; in which i may denote angle in radiana or time in frac- 
tions of a second, while y denotes values of pressure, current, or magnetic 
6eld. 



BY CALCULUS, 



As indicated in figure 21, an elementary area ie j/dx. Multiplying 
both sides ot the above equation by di gives : 



and the &rea of ihe curve between the limils of aod ^, or the a 
quadrant, le expreBsed by: 



f>'£^ 



i.aflerfiubsiiiutiag values of ^ for both r andr.) 

= itTVf'-|'+T X angle whose sine is 1-) 
which further reduces to: 

but OC—ji aubstituting this value, the area of a quadrant becomes: 

or =-^ir', for the particular case in which r=5 . 
The aren ot the Bemicircie -^ 2X-J^ = J 

The area of oguajran/ia therefore Jr or J H. (SIdm r-y.) 

The AVERAGE ORDINATE =5^ =^' (ihr- area divided by the base) 
= £.^ = 1.133 

To prove that the value obtained above is correct, aolve the problem 
; by geomelry. 

To find, by Calculus, the effective value: 

The equation of the given curve being, y = vr^+J^ the equation of 
I' the curve of squareB ia 




The area of the 
ezpreflsedby; 



Eiaynples in AUeriiatiiiff-Curreiits 

o£ equares, between the liiaita of and J ii ] 







= r 3— uT t^i"^ substituting for r, its equal, Ji 

" J- =area of J lobe (corresponding to i& semicircle). 
Therefore the area of one lobe of the curve of squares is 

and the average value of the ordinatea of the curve of squares is =^ • j*' 
(since r=j, the average value of the curve of aquarea may be ejcpresset) 
in termg of Ike radius as yr). 

Can this be proved by methods ot Geometry? 

_ 3.U16 
" V6 2.449 



The effective value 






- = 1.282. Answer. 



The effeelivt valtte in terms of the radius 
V2 



The (orm-f actor 



r=0.8165r for any circle whose radius is r. 
effective value vb ^ 



The amplitude-factor = 



average valui 
The amplitude-factor is aometimea called the "peafc-/actor' 




X3.1416 7.6327 

value _ _ g 3.1416 _ 
1.233" 2.466 

1.273. Answer. 



Esamiiks ift Aticntiiliiig-C'urreHtt. 

It will be intercBling to note in this connection Ihe relation of the area 
of ihe "positive lobe" of this circular alternating quantity with the area of 
ite including rectangle. The area of the including rectangle under the given 
conditionB, is expressed by : 

while the area of the Bemicircle is expressed by ^ . 

The ratio of the two areaa may be expressed as : 

area of aemicirele 5* ^ 

, ■ , ■■ -— — = -^= - =0.7854. 

area of including ructangie ^ 4 

Or the area of any semicircle ia J timea the area of the including rec- 
tangle. 

The Bame relation exists between the area of a circle and the area of 
its ineluding tguare. 

The relation of the area of the curve of squares of the semicircle, to 
the area of the rectangle including the curve of squares, may be found in 
a similar manner, by comparing the area of the curve of squares eiqiresaed 
by " with the area of the including rectangle expressed by 

[» X (J)1 - ?, ^; t . J - }. 

T 

The area of the curve of squares, tor any seiaicireic, ia only i the 
area of its including rectangle. 

■ PROBLEM 12: Find the effective value of a iemidrtmlar wave shape 
of aUemaliiig'pregaure, whose maximum valve is ISO volt». 

97,9 volts. Answer. 

Problem 13a: Find the instantaneous value of the current, ex- 
pressed in amperes, in an alternating-current circuit in which the frequency 
I is 60 cycles per second, and the wave shape is Bemicircular, at a time i-Jir 
second after the beginning of a positive lobe of current. 



HOW TO PLOT THE "CURVE OF SQUARES" FOR A CIRCLE. 

If a circle hoa its center loeuted at the iiiteraection of the t 
of reference, its etiuation being y—Vr'-x'; the equation o£ i1 
squareB ia ^ = r - i . 

To make a definite example, the radius of the given circle will be ai 
Biuned to be 4 inches. 

The method of computing the ordinaWs of the curve of aquarea will b» I 
to asBume certain values for z, and solve the equation of the c 
Bqiiares, for the corresponding values of y. 

These are tabulated as follows: 



hea i=o, 


,'-K 


■ «-i. 


h'-16.96 


■ "*. 


j/*-15.80 


• "4. 


!/^-15 75 


■ "1. 


t*-15.36 


' K-li 


,^ = 15 


■ i-li, 


/ = 14.56 


' "IS, 


U'-UM 


' '-V2, 


,'-14 


' ■-%/3, 


^-13 


• .-It, 


y* = 12.76 


' 1 = 2. 


)/' = 12 


■ .-H. 


»"=9.75 


' 2=3, 


J'-7 


' "3*, 


t'.i.u 


■ '-H. 


y'-3 75 


' 1=3.87 


k'-i 


' —3t, 


!/*-0.76 


■ 1=3.9, 


,>.0.6« 



The curve of squares la plotted as shown in figure 22 by erecting, at J 
distances from the origin equal to the assumed values of x, perpendiculan 1 
equal to the corresponciiiig computed values of ]/". y^ being the product J 
of yXy is in a true sense on area; but it is proper to represent an area by &A 

The values as tabulated apply to portion of the curve of squares to fl 
the right of the Y axis. The curve ia aymmelrical with reference to the f 



Y axis, BO a correaponding portioo could be plotted lo Ihe left of the Y 
axis. If negative values of x be subatituted in the equation, the correapond- 
ing values of ^ nill be positive in sign, 

Avalue -2 may be taken to illustrate; —2^= +4. 

Then: 

^=16-4 = +12; the same as obtained ton = +2. 

The mduding rectangle ig shown in dotted lines; the area of which is 
evidently 2 (4X16) = J28 square inches, 128=8X16>=baae times the 
altitude. 

The area included between (he curve of squares and its base, the 
of the circle, is obtained from; 



I 



x/;,-i..2x/;a,-2/; 



'di. 



=|128 



Tile factor 2 te introduced for the reason Ihe area of ) the c 
equares is found between the x limits of and 4, Twice this a 
give the whole area included by the curve of Bquarw. The area of the in- 
cludisg rectangle being 123 and the area include i)y the curve of squareH 
being } of 12S, the fallowing relation must be true: 



Area of the ci 









Area of the including rortan^le 3 

This value will be found tabulated on page '}'!. 



•The firm ter 



F 



EXAMPLE 13: Find the form factor and the amplitude f 
of a triangular wave shape. 

eSeet.ive value 




Let OAB, figure 23, denot* a positive lobe of the triangular aiterni 
wftTB, with OB-base=5r; then OD=5. 

By Calculus: 

The equation of the line OA ia 
y=ms 

The elementary eiea=ydx. The triangle assumed being isoacelMf 
the area of OAD = i the area of the triangle OAB. 



The area of OAD 



= I ydx - t n 



m denotes the tangent of the angle between the lines OA and the X 
ana (or the line OX) ; then 

■H""!"^. calling the altitude of the triangle a, then in= ir 

T 

(flince OD=j). 



SubBliluiicg this value for m, ihe area of J the giveo triangle becomes 



The area of uiy tnancle beiag ) ibe product of 
inll nay be nsdil)' i^bfck«l. 

[t may be aoted that the area of any trianjEle i 
tJudiof reptpotfe. 






And the average \aIue—^+}»j or 1 the altilude. 
Tofindthee^eMiwfoiu*, by the methods of Calculus; 
The equAticiD of the curve of squares i? 



Multiplying both sides by dz gives y'dx^m^^di. 
The area of the curve oE squares between the limits of aod ^ ia ei- 
preseed by : 



f y'dx - m'J ^ i^di 



Substituting the vaJue of n 






in*=^ gives the expression for 



The average value of the curve of squares is 

_ i ?l^ € 

- ; " « "3- 

The tqttare root of the arcrage ralue of the curve of equares or the 
Effective value ■= V^ ° 775 ^ 0.577a. Answer. 



L 



Form factor 



Amplitude factor = 



" V3 1-73^ 
i —2. Answer. 



•■1.154. Ansner. 



78 Examples in Alternating-Currents. 

PROBLEM 13: Find the effective value y the jormj actor ^ and the am- 
plitude factor of a triangular-wave having a base equal to ir, one side equal 
to 4 awd the other side equal to 3. 

Consult page 30. 

Angle opposite the side whose length is 3, is = 47°5r. 

Altitude of triangle = 2.965. Effective value = 1.71. Answer. 

Problem 13a: Find the effective value, the form factor, and the 
amplitude factor of a triangular-wave having a base of 4, one side of 5 and 
the other side of 3. 



METHODS OF FINDING THE AREAS OP CURVES. 

The average and eiTective values, as well as the form (actor and am- 
plitude factor or "peak" factor, all depend upon the areas of curves. 

Tlie author desires to call attention to five methods for finding the 
area of curves; meaning the area included between the curve, or certain 
portiong of the curve, and the X axis, employing the Bystem of rectangular 
ro-ordioates. 

First. If the equation of the curve ie known, the area may be found 
by methods of Calculus. 

Second. If the shape of the cun'e is that of some geometrical lorm, 
Df can be divided into several portions, each portion having some regular 
or symmetrical geometrical form, the area may be found by ordinary rules 
applying to the particular geometrical forms. 

Third. The area of figures having irregular shapes may be found by 
Employing the "planimeUr". This necessarily means that the curves or 
figures must be carefully plotted to scale on paper having a level surface. 
Good card-board or bristol-board is desirable for this purpose. 

The average value of any curve may be found by dividing the value 

of tbe area obtained by the planjmeter, by the base. The area and the 

I base being expressed in corresponding units. To obtain the effective value, 

I A new curve must be carefully constnicted by taking tor ordinates the 

t tgnare of each corresponding ordinate of the first curve, finding the area 

of the new curve, (called the curve of squares), with the planimeter, and 

dividing this value by the name base as in the first case. The SQUARE 

aOOT OF this "MEAN OF THE SQUARES" value, IS THE EFFEO- 

tlVE VALUE desired. 

Fourth. The curve whose form-factor, amplitude factor, average or 
effective value is desired, is earefuUy plotted on section-paper that is di- 
flided into squares, both large and small, and the total number of squares, 
both large and small, included within the linear boundary of the curve, 
found by counting. A convenient kind of paper is that which is divided 
into larger squares 1 inch on a side, each square sub-divided into 100 smaller 
pquares. 

Fifth. The curve of any shape whatever may be carefully plotted on 
eardboai;^ of uniform thickness, vUkin a certain rectanguhr area. The 
Kctangle and the curve may be carefully cut out with a small sharp thin 
knife-blade, and the parts carefully weighed on delicate chemical balances. 
The areas are to each other as the wciijhiB. The "curve of squares" may 
of course be constructed and treated by this method as well as the original 



liiil 



1 AUeriwting-f'urrenU. 



EXAMPLE 14: Find the form faclor and (be amplinid* 
factor of an elliptic-shape nave of alternating preuure 




U the eUipse ia referred to rectaogulftr co-ordin 
u indicated in figure 24, the equalion of the ellipse is; 



a X and Y, 



in which the + sign denotes ordinates above the X axis, and the - 
denotes ordinates below the X axis. That is; for every value of x less than 
b, or 3, y has (wo values; one +; the other of equal numerical value, buti 
having the — sign. For the present discusaion only the + values are 
considered, b denotes J the major axis; the whole axis is denoted byfdji' 
and a denotes! the minor axis; denoted by Oft. (Oft is j the minora: 
Also it should be noted that b =5 and the base of a complete lobe— ir. 



The above equation is obt^ned from: 



aV+bV=aV 



ls follows: 







Examples in AUernattng-Curreiils. 
Tbr area of J the lobe, by Calculua, ia expreeaed by 

{ yds = -| P'v'b'-^^dz; 



= 1 UVb^r'+Vam-'l 
Thia may be eicpre^ed in terms of the versine if deaired, 

■"i x"^ 1 — T +5 >< the angle whose e 
I to 

=V 
Then the average ordinate = ^^7— = - a = , 7851a 



1( ■— b then y= ^vTi*— /^; or the ellipse becoines a circle whose 
' KtA — Tb*; or iri^. 



The "cwruB 0/ sguorfa" for the ellipse ie: 



It abould be noted that (or any value assigned to i, if has only one, 
\ ud that ft + value. All of the curve of squares is therefore above the X 



Exampks in Alkninluiii-Ci.ncds. 
The area a! this curve between llieliniila of Ound 5 Jscipresaed by: 






Substituting for b^, its value 7 gives the area under diBcussion or ^M 
the area of the curve of squares aa : 

4a^ iV" JT TT^l 4a^ It' t*] 

48^^ JT* . 4b'ir 



The area of the whole curve of aquarea, ia | ir a'. 
Dividing this area by the base x to find the average ordinate fl 
complete curve of squares eives: 

Average ordinate of the curve of squares = | a*. 
Hence the square root of the mean of the squares or 

— V2 
The Eflective value = V|a* = -^. (Compsre withKinH-irrle on p^ 

-T:HT5 = '>-8"a. 

effective value \/^a 0.8ie5I 

The form factor = — ~ ;— = -ir = n to-.,:, =1 039. 

average value ^a 0.78539 

The iiinplltude factor or the peak (actor 

n value a 4 



average value 
= 1.273 (Cunipare w 



mplcs in Allcniaiing-Cufrentii. 

It may be demonalral^d thai, tbe foregoing vAluea pertaining to an 
elliptical wave shape are true if the major axis is taken along the Y axis, 
matead of along the X axis, as in the present cane. 

PROBLEM U: Find Ihe effedive t>atae of tke pressure, expressed in 
voUa, of on etliptic shaped wat-e nf allernaliiig-pressure, whose maximum 
value IS IX mils. 97 9 volta. Answer. 

Problem 14a: Find the efleciive value of the currcnl, expressed 
in amperes, of an elliptic shaped wave of altemaliag-ourreat whose max- 
imum value is 9.8 amperes. 

Problem 14b: The average value of an elliptic shaped wave of 
alternating pressure \e given as 78.54 toUb; find its maximum and effective 
values. 

Problem Hc: Find the relation of the area of an eUipse to its 
including rectangle. See figure 24, page 80, in which the shaded portion 
represents the difference between the area of the including rectangle and 
■a of the spmi-ellipse. 



EXAMPLE 15! Find the form factor and the peak factor 
of a parabolic wave of alternating- current, whose maximum value 
is 130 amperes. 

If. as shown in figure 25, the curve 
ia referred to the axis of ordinates, OY 
as an aitis ot Hymmetry; the vertex of 
the parabola being at V the equation 
of the curve will be expressed by: 



(1) x' = 

(2) y-- 



-py+rt 




ir solving for y; 



FIG. 25, 

if and I denotes lime., the equation might be w 



Since p and m are conatanis, it will be well to find their numerical 
values, when the maximum altitude of the curve is (us given) 120 amperes, 
and the base of one lobe of the uurve is taken as ir. 2ir is taken as the 
base of all alternating time function quantities for one complete cycle. 

m=>square of \ the base, in any parabola located as in figure 25. 

If the intersection of the rectangular co-ordinate axes is at O, it is 
known that when x (or () =0, y (or i) is equal to 120. Substituting these 
two values in (3) givee: 

P = TTff 

It is also evident that when y (or i) —0, x (or t) =\ 
Substituting these values in (3) gives: 

ra = "-2.4674 
SubBtitulJng the value m = 2.4674 in p = t?5 gives: 



Substituting the values of m and p just obtained, i 
the equation of this 'parliciilaT current curve is: 
i=-48.6(''+120 

The area of one hbe of this curve is; (2 times the ai 
limits ot and J for one-half a lobe) . 



2 jidl=2 ("-48.6 t^dt+2 Pl20 dl; [2 ti 



= -97.2X1.2918+240X1.57073; 

= 251.3 

Ab a check, one may find the area of this parabola from the fact that 
area of any paralKila is equal t« ) of its including rectangle. 
The induding rectangle in this case is jrX 120 and 3irXl20=251.32. 
If the result obtained by the method of Calculus is correct, then the 
Jations of the area of any parnbola to the area of its including rectangle 
,y be found as foUows: 

THE AREA OF THE PAR.\BOLA as given, is: 

=251.3 

The area of its including rectangle is 120Xt=3. 14159X120 -^376. 9. 
" The ratio of these two areas may be expressed by 

area of parabola 251.3 _ 2 ^ 

area of including rectangle ~ 376.9 ~ 3 ' 
len ir =3.14159. Compare with result obtained for Problem He. 
The AVERAGE VALUE of the current must be: 

H^^a'fii^ = 80 AMPERES 
TO FIND THE.EFFECTR'E VALUE. 

The equation of the curve of squares will be the square of the equation 
the paraboln, or 

i^=( -4S.6('+120)*; which expanded gives: 

i*-2361 ,94 (*- 11664 t^+14400. 

See page 216 for values of t* w*, t^, etc. 



1 tlie limits of and j (or J a lobe) 



'dr=23619-6 C- 110134 ^+14400 



[ 5X32 [ 3X8 

= 12077-36'. The area of one lobe =2X12077.36 = 24154.72 

The average ordinaKe of the eunif of squares vi)! be tiic area 12077,31 
divided by the base j or : 



The EFFECTIVE 

THE FORM FACTOR will therefore be 



M. S. VALUE will be V768S.C= 87.(i 

pffective value 
average value 
Vo° ^^ ^'^^' Answer. 



THE PEAK F.\CTOR w-iU be; 



= I.S. Answer. 



PROBLEM ii: ConKtnicl Ihe positive lobe, aecurately lo satle, of a 
parabolic wave of preaswe whose manmiim vaCue is 4 volts, and whose 
base is ir seconds. Let 1 inch denote one volt, and 1 inch denote I second. 



, expresses the rdatio 






the axia of symmelry of the 
Y axis aa in figure 25, page 84, the value of 

p=f, and of m=^=2 4974 
when the numerical value of p = , BIOS. 

•The relation betweoo tbo area of the norve oi aquar^ Jor A purabolic-B 
The una nt Ihe iDcluding pardinglf in thiecflne ia l20'Xx-4B238.Safl. 



r-oincide with the 



ExampUi in AUenuUing-CvrTenia. 

Various inslantaneoua values may be computed from the equiil 

2.4674-[" 
e= „ ^.^ I by aisuming any desired value for (, betwi 

D and ^, and solving the equation for e. 

The foUowiag have been calculated aod tabulated: 

■ o,lhcne=4 volis. 



What is the frequeaey ot this pressure? 

Probtem 15a: Find the inelanlarn'ous value of a. parabolic wave 
of current, whose maximum value is 10 amperes, at a time 0.0033 secoudH 
aft«r the beginning of a positive lobe, the periodic time of one cycle being 
^ of a second. 



The inatantaneouH value of pressure, of a parabolic w 
at a time If seconds after the begitming of a positive lob 
if the warimum value of prcsBure is 120 volts. 



e of pressure, 
s 106| volts, 



A of A parAboIiL ifl dealred, li 






Fiom the teiiertJ eguctiiii 



I 

J 



SxamjAes in ^IternaMn^-C'iirrcnA. 



Th* equMion ot the piitabolii, in tema oi a aad b thsa bteomn 

Multiplying btrtJi membera qI Ihiji equation by itt to form tb^ cIcmetLtAry atfea, ^ 
Elemeulwy area = j, Ji = aiJi - ^iWi. 



Tbri orua o[ i lobe of tbe c 



will be flipreteed bj 



/-3- /-I /-^ 4B 



(Tbe ialcHoi limit D ckuks Ibe t 



Bb 4> b> 



— b(!-J)-al 
-jab 



ifl lobe oF Iha curve will be ivlcc the v^ue jiut obUiinedi t 



This proret that tli 



Tbe eqiiBtiDD oltb 



, which muLliplied by dx^ b 



m'dj.2miMj+rtJj 



L 



icluding rcctunE'e of the pBCBbijla, 



Then the arcs o! one lialf lohe; bstween th 


eU<..iUDM,<t^b«pr««.lby: 1 


/r-il/!""-/!- 


-;.'-l J 


<-(< 


M 




Subatituline for m iM i-klufl r . lor is> ib 


.a™5..,.d,.,p.|U,^U.,|;,0»l«. I 


iquation beeaniH: 


1 


Iftl'fb' b" b'l 

b'l 2 ..+10 J 


J 


- - a'b 


^H 


Tbe u« or the oompleta lobe d( the curve 


-'•■■•— —""-^^ 


^•■' 


1 


The average ordinate of tliis curve 


of squares is, therefore, ^| 


b -A" 


J 


The effective or square root of th 


B mean value U then: '^^^^^H 


=vS^ 


V 


=0.732a 


Thu value ii Ubutatod on jwgB B2. H 


The effective value of any parabolic- wave is 0,732 times the height 
of the parabola itaaelf. 

NOTE. 


The author desires to call aftention to the fact that while curves such 
as the circle, the eUipae and the parabola ate discussed and treated as though 
they are altemating time function curves insofar aa their form factors, am- 
plitude factors, and effective values are concerned, HUch curves are not 
allemating funcliom, ae is the sine-curve or the cosine-curve, or curves 



This is evident by eubstiliuting tor x in the equation of each of th 
"coriicx" mentioned, a value greater than x. Try this in the equation fo 
the ellipse on page SO, and in the equation of the circle on page 70. 

If the equation of the curve ia written in the form of a time function 
using I in place of X, and the intercept on theX axis, or the base of the curvi 
is B£EUnied to be it, then aubstitute a value for t, greater than ir, or a Vfdui 
for I greater than J if the Y axis is an axis of symmetry of the given curve 

To illustrate this point, suppose a value arealtr than be subBlitulei 
for (, in the equation tor the parafaoU on page 84, It 1=5. l'=2.4Sii 
then i=0. Any value greater than J will give i a negative value, and thi 
curve will never cross the X axis bo long as the values tor ( are greater thai 
J, The curve may be a time function curve, but Jt is not an allemalini 
time function curve. 

Tlie circle and ellipse are not even time function curves. Diseuesinj 
Buch curves can only be of value in tamiharizing one with methods whici 
may be adopted in treating the more complex alternating functions. 

A abort resume of the foregoing discussion of areas of curves, may bi 
effected by a comparison of the areas included between a serai-ellipse, i 
parabola, a sine-curve, a triangle, and their common base; all of the curvei 
having the same altitude. 

For convenience suppose the eotriiiinn base is tt, and 
altitude is 100. 



The a 



a included by the elliptical-curve 



-J- X100=2. 4674X100=246, 74 

;a included by the parabolic-curve is 

iirX100=209.4.? 
;a included by the sine-curve is 

2X100 = 200.00 
io. included by the triangular-wave is 

iirX10O=157.07 



246.7- 

209.4. 
200.01 
157.0: 



The foregoing has an important bearing on the conslniction o 
coniTPte or stone arch bridges. It is evident that for a ^ivcn span an< 
given height the amowit qf material in a bridge having an elliptic sliapcc 
arch, is less than for any other shape. 



EQUIVALENT SINE-CURVE. 

Tbe cjueslion of rquivaUnl sine-cilrves will be mentiot»Hl later 
io oonnectiOD with irregular aliemating-curvee, as tm appioximate expe- 
dient for determining the power tiiclor. (or eoe <t>) of irregular Bhaped waves. 
It m&y be instructive to illuetrale a method of findiDji a aine-curve that ia 
equivalenl to. either u reelangle, a s^miellipse, il semicircle, or a parabola. 
The term "rquxvalciil" \a such a ponnei'lion needs some definite signi- 
uice attoL'hed to it. Equivalent wil] be assumed to meun a Bine-cUTVe 
that faae the some rfftdivt, (or the same ''square tooI oj Ihe mean i>f the 
t^Wtree") value m the given curve has. 

To be specific, suppose it is desired to find the necessary altitude Or 
thci KiaxirouiD oTdiDate of a sine-curve so that the sine-curve shall have the 
us effective value as an elliptical- wave, that hut an altitude of 100. Th* 
le of the two rurves is to be the some and is ui<8iimed to be equal to x. 

The efleclive value of the elliptical-wave is expreaeed by: 

^6l6XmBxiinum ordinate and is equal lo SI. 6. 

n for the effective value of the sine-eurve is: 

707 Xmaximum ordinate. (See table, page 92.) 

According to the assnmf>d eondil ion, the effeRtivp value of the elliptical- 
I wave beiii^ etjual to th<' cflective value of the sine-wave: 

707Xma-xiinuiii ordinaie=81 .6; 

^Tiie mnximum ordinate of the required sine-curve ie: 

^^=1.414X81.6 = 113.38. 

t naxiniuni ordinate of a sinc-citrve havinp the same effective 
a parabolic-wave, whose altitude is 100 and base v ia : 
73,2X1 414 = 103 50 

B maximuni ordinal* of a sine-curve having the same effective 
SU a rectangle tvlioae altitude is lUO and whose base ia v is, IIM) X 
I 1.414-U1.4. 

The maximum ordinato of a cine-curve having the bi 
as a semicircle, whoae altitude is ^ and whose base is ir is 

816X5="'"''"""'"^'^'""""""' 



V2 
-V2X0 816X5- 1 -I53XradiuB of the ciTcIe = 1 7B in the given . 






^^^^^^^^^^^ Examples Alternating-CwrenU. ij^^^^H 
In At ronomng lablc. the ha^t oF one lobe oF die ^vot curve ii ioamti to be ir. ^ 
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EFFECTIVE OR R. M. S. VALUES OF NON- SINE- PRESSURES. 

EXAMPLE 16: Find the effective, or R. M. S. value of an 
altematlng-presBure, which ia composed of the sum of two simple 
sine-pressures 



whose tv 


•o equations art 


as follows: 

DATA. 


= 141 4 


in (3770 


2t/=377' 


J =282 8 


in (1I31() 


Ein«i = Wl,4vollB 
Eiii«.,-282,8voita 



Adding tlic two pressures gives; 

"1 + Hu = UI.4-Bin (3770 +282.8 sin {11310- 
Sqiiaring this expression pveB: 

(*■! + Haf = I41.4'8in^377/) +2 X 141 4sin (3770 X 
2B2.B sin (U3II) +282,8* sin^ (1I3U). 
The area oE the curve of squarea between the limits of and ^ will 
be found by multiplying both msmBers of tiie last equation by dt, and 
iategrating the expression between the limits of and Sf. 
The area is expressed bj' : 



j: 



(ei+em)^ci' = 141 4- 



1": 



i'(377()(/( + 282 



.f. 



i(377/)X 



Bin(U310'i'V282 bM siii''(li;!l(>'//, 

=h X ^H^'"+h X -Sii|^''+0. (3« p«w ea.) 
Dividing by the base If gives: 
Average ordinate^ '-*j^'+' '^|" ' - vienn nf squares of the resultant 



-l/uft'+'-i 



.i^.^ 



-O.707V141 ,4^+283,8* 
=223. S volts. Answer. 



ilxamphi in AUernaling-CunenU. 

The preceding example iilustrat«s a very simple application of Four- 
ier'a Tkixirem. The application will be extended in the following problems. 
Time may be taken aa the independent variable in these eases, and I ia 
then the variable /nctor in the angle denoted by {2Trfl). 

It may be observed tliat the effecliue value of a non-sine or irregular 
shaped Hllernating-preeaure ur current depends simply upon the magnitudes 
of the maxima values o( iIb eine-com;ionents; or in other words, upon the 
amplitudes of its harmonies. 

It may be stated as a general principle that the effei-tive value of any 
atternaticg-curreiit ia the square root of the average of its squared instan- 
taneouH values. This is true whether the current curve is or is not a aine- 
curve in shape. Likewise the effective value of an alternating-pressure 
13 the square root of its squared instantancoua values; being true for an 
Blr«maling-prea8ure having an irregular shape aa for a sine-curve prefisure. 

The average value of a non-aine alternating curve of preasuro or cur- 
rent depends upon the relntive posilion aa well as upon the amplitudes 
oE the sine-co(nponeii1«. See figure -30, page H)0. 

PROBLEM IS: Find the e ff relive valve 0} anallemating-nirrtnt,vhicli 
ii comjKiaedoS the sum of three simple sine-currenls, whnse equaliom are: 

ii =14-14 8in(157(); 

(m=28,28ain(47i i); 

iv =14 14 8in(785i ). 24.46 amperes. Answer. 

Problem 16a: Find the effective value of an altemating-current, 
which is composed of the BUm of three simple sine-eurreatf, whose equa- 
tions are; 

i, =10ain( 785 0; 

iiu= 2 8in(2355[); 

)V = 3sin(3925(). 

Problem 16b: Plot the resultant curve mentioned in probleiS!! 
16, adopting a scale of 7t inches =■ x for the first harmonic components 
and 1 inah = 10 amperes. 

The results found in example iO and in problem 16 Kcpress an im-1 
portani principle or rule: The effective value of a curve compOMd'l 
of the autn of a number of sine-curve is obtained by finding ttw 1 
square-root of the sum of one-half the squares of the maxima -I 
values of the component sine-curves; or in other wunis, Ihe effec- 
tive value of a curve, composed of the sum of a number of sin^ 1 
curves, is equal to the square root of the sum of the squares of the 1 
maxima values of the component sine-curves, multiplied by 0.7071> J 
<0.7071=Jy) 



EXAMPLE 17: I( an alternatlna - pressure is miid« up o( Ilie 
an of Ibe following sine-wave pfeisures- 



ei =141 4«t 
e[„=282 8 s 
CURVE- FACTOR. 



.U3lr>; &od its tortn factor and it« 



Tbe exprraaion for the giveo e. di. f. n. 

ei+fiii-l*l 4 3m(377!)+M2 8sm(n3!i) 

Ita effective value aa obtained in example 10. page !I3, ia ; 

eflec live -value 
average value ' 

The attTogt value of the given e. m. (. la found aa toUowa: 

Ualliplyiuc birtb mcmbtn oi dquiIiiD «I iht pnuun by ill (ive*T 



The form factor U them 



twetn thfl Umiti at a luul ' 



Klby rt 



/:■" 



'■'/r-'""*"'"" •/;'"■" 



8ul»titutiiu Uiti vkluvA oi -Tp and U, 





S.b.r. 


t4i 4 233 a 


.„...« 


IXvidiiK Ihu ripnuioa by the uiumgd b 


^"2/ 


3Xl«r i+Zi2.S 




3»/ 2(3 XU: 


1 + 23i 



le pmaun outvc 




1 aiUmalijig-curTenl is made up of Ihe follouiine 



1(47 W),/ind it 



PROBLEM 17: If a 
component sine currenU: 

ti =14.14 8 
and 1*111=28,28 b 
and its curve factor. 

Problem 17a; Find the fonn factor, the curve factor, and tba J 
amplitude factor of an altematiDg-current composed of the biuh of ths' 1 
following eine-cuirentf: 

ii =14.14 Bin (167/); 
ini=28-28sin(471(); 
iv =14.148in(785(). 

The amplitude factor is the ratio 



mail mum Talue 
average value. 



ExamjAes in AUernaling-Currenls. 



EXAMPLE IS: Find the insTantaneous value of the pressure, 
In volts, at a time 1.003 seconds after the beginning of a positive 
lobe, of an alternating pressure, composed of the SUM of the fol- 
lowing sine- pressures; 

DATA. 
2jr/, =377 
.-./i =60 cycles 
q(3770; 2T/ni "" 



ei =141 4 ei 
em =382. 8 ai 
fiv -141.4 Bi 



(4710; 
(785/), 



■-/m -75 cycles 
2«/v =785 
■'■/v =126 cycles 
( =1.003 seconds 




All three component sine-curves a 



start initially from 
The phase 



; ussumed 
the same point; (designated as 0) uU increasing positively 
angle between tbe three component curves is initially "=^0°. 

If the phase angle between the Eero values is 0° at the start, since the 
frequencies are not multiplesof each other, the phase angle between other 
zero values is a variable. 

The «uffl of the three curves may be expressed by: 

ei-|-em+ev=141-4sin{377f)4-282.8ain{'171()-|-I41.4sin(7S5f). 
Substituting the value i = 1,003, and calling /i=60, fax = 75, and 
/v™ 125 cycles, the equation may be expressed as: 
<i+eni+ev=l«.4sin (2jrX60XI.003)-i-282.8Bin (2jr X 75 X 1.003) 
+141.4 sin {2B-X125X1-003J 
-141.4 sin (120. 36Tr)+282. Sain (150. 45ir)-|-141,4sin 

(250.75)r). 
= 141.4 810 64° 48'+282.8BinSl''-fl41.4Hm 135°, 
= 141. 4X. 90483+282. 8X. 98769+141. 4 (+0.70711) 
-127.94+279.31+99.98 
-507.24 VOLTS. Answer. 

PROBLEM 18: Find theiTUlanlaneoiis ualueo] the current, in ampere*, 
at a time 1 .003 seconds after the beginning of a positive lole, of an altemating- 
atrrenl composed of the sum of llie following sine-currents; 

ii =14.14 sin 377i;* 

iir,=28.28 8in785i. 

il Vdluea o( 2rJ here jiveo, 



»■ be found ic 



lel.S 



correepoDdlDi 



k 



OS ExQfnp^.s i-ri Alit'Ttiatituj-C unciiis. 

Tht- initial zero of both ('C)njponents and the result ant current all 
otcur at the same inttant. 32.79 amperes. Answer. 

• 

Problem 18a: Find the Jnt>tantaneous value <»f the pressure, in 
volts, at a time 1 . 003 siconds after the beginning of a positive lobe, of an 
alternatinp-presgure, (cnjposed of the sum of the following sine-prest^ures: 

ii =141.4 hin 2-njt\ 
and ejn=282 8 sin 1131/. 

Let / = ()0. Consult Mate II, page 2. 



RESULTA^fT OF FOUR PRESSURES. 

EXAMPLE II: Find the reauUani effecrlve pressure in mag- 
nllude, and Id phase relative to any one pressure, of four equal 
pressures, each 104 vollei, effective vjlue. with a phase an^leof JO" 
between each. 

DATA. 

Ei = E, = Ei-E«-104 volts. 

<p =3i) beineen eiich pressur^a. 



The mpthod cmplo.ving ' 
projections of the preaaiire vetic 
will be outlined. 



This method has tbe iwlvanu^f of oblainiog the value of the reauU.oat, 
ftnd the phase angle betw-een ihe re^ultaat txnd the datum or between tbe 
resultant and one of the componentB. in gne operation, 

Tbe algebraical turn a( tlie lutris-ml^l projoi^tiotui of any number of 
vectors (either current or pressure veiiiorsl is always equal to the horiiontal 
proJBCtioti of their resultant. 

The algtbraieal Bum of the veriieal projections of uny number of veotors 
ia always equal to the verSical projection of tlieir resultant. 

This may be understood belter by referring l.o figure 27, i>age 1(K\ in 
which tite four presaure? are denoted by E|, Ej, Ej und E*; their result- 
ant isdeaignated by Er. Ancordiog to the tlieor>' of the projections of 
these forces; the horiionUd projeetions, On+I'ii + Ei-Oc, and the vertical 
projections, Od+Oe+E,=ro. 



a ia the V. 



a of the resultant En, and Oc id the horizon- 
. Er, fO and Oc are per|>endicular to cauh 



This method may be applied I 
in figure 2S, page 102. In this caai 
to the left of the vertical axis, musi 
jectiona to the right of the vertical a 



) Problem I9b, page 101, as indicated 
the horizontal projection of E4 being 
be subtracted from the horizontal pro- 

lia; giving Bb4-(lc-hE|—0a=0d. 



Tbe horizontal projecliooa will be designated as \ projections. 
The vertical projection will be designated as Y projeetioaa. 



SiVa^^^ 



^ 




Then the resultant, pressure, denoted by Er, will be expressed by: 
E»=V2406^+246. 06*= V2X246, 06=347. 97 rolts. Answa. 
From figure 27, it is evident that tan ^ = 1 . 
Therefore ^, the angle between the resultant pressure, (En) and B 

If counterclockwise direction is considered as poeitive, the resulta 
pressure Er leadu Ei by 45'; it leads E2 by 15°; it lags Ei by IS', and il 
lags E4 by 45°. 

The resultant pressure mentioned in Example 19, might be produced 
in practice by four alternators each producing equal slne-preesuree, having 
their armatures so coupled together as to effect the required angular 




A Uertiating-Cvnen (s. 

relations with each other, and liaving [heir armature terminals connected 
together in series, eo that the pressures are cumulative; no. one opposing 
any of the others. 

While so-called effective valuea of al tematiDg-prcsBures and alternating- 
currents are not Btrictly "vector" quantities, they are uaualtj treated as 

The relation may be best comprehended by coneidering a uiangle of 
maxima values. If each side of such a triangle be divided by the V2 a 
nmilar triangle will result; but onehaving shortersides; thetriangle will 
now be a Ixiangle of effective values of pressure. 

A maTfimum value of alternating-pressure is a true vector quantity; 
having location, magnitude and direction. An effective (alternating) 
quantity may have location a:)d magnitude, but is not considered as having 
direction. 

PROBLEM 19: Find the retuUant of four equal presawea each fuming 
an effective value of 110 volte, if the phase angle belweeti each pressure ia 4S°. 
Find the phase angle of the reaultant itreasure with refermux to each of the 
eomponeni pressuren, 

E|i=287.4 volts; eSective. Leads Ei by 67.5°, leads Ei by 22.5°, 
lagu Ej by 22.5°, lags E4 by 67.5°. Answer. 

Problem 19b: Find the resullnnt, effective value, of fourpreMurea 
having the foUawing effective values and phase relations. Ei =110 volts 
(datum); E] = 55 volts, leading Ei by 30°; Ei-llO volts leading Ei 
by 15°;Ei=55 volts leading Ej by 30°. 

Conatruct a vector diagram, to scale of 5 volts ■* 1 inch, showing the 
magnitudes and phase relations of all pressures in problem 19a, 

Problem 19b: Suppose four alternators, each generating sine-wave 
pressures Ei= Ei= £»=£«= 155.5 volts maximum value, at 25 cycles 
per second, ha.ve their shafts coupled together as follows: 1 and 2 coupled 
eo there is an angle of 30° between Ei and E^; 2 and 3 coupled for an 
angle of 45° beliveen Ei and Ej; 3 and i coupled for an angle of 60" be- 
tween El and E*. Find the numerical value of the resultant pressure, 
maximum and effective, in volts, if the armature windings of the four roa- 
cliines are al! connected together in series. 
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Exampti6 iu Altirnaling-Currcnts. 



Figure 28 ehowg the relation of the four pressures, with the two axes 
X and Y on which the pressure vectors may be projected. 



,-'>^ 




ADDITION OF SINE-PRESSURES. 

EXAMPLE 20: Prove that the sum of two sine-curves, each 
having the same frequency but unequal amplitudes and with a 
certain phase angle between them, is also a sine-curve. 

The method of proof lo be adopted will be ii matlioniatical one involv- 
ing the trigonometrical fimctioDB, as follows: 

The two component aine-eurvea will be denoted by two equations of 
the general form 2/~A sin x, and to be specific, two siae-preasuTes will be 
considered; both being n^errcd Lo a eine-currout, aa datum. 
The sine-current will be denoted by the equation; 
i =1 sin l2-rfl), and the two pressures by: 
ei = E.Bin(2T/(+*i) (D, 
andei = E, sin (>/(+*a) (2j- 




FIC. ». 

The relutions of the varioiie values expressed in the three equations 
we shown in figure 29, its veirtor quaulitiM. i, Ei and Ej each denote 
the immmum viJuc of each respective sine-curve. Plate 111 page 3 will 
illuvtrate the reUtions as ain'es. 

1 is denoted by the vector OA. 

El is denoted by the vector OB. 

Ej is denoted by the vector OC, 

PLATE III shows the resultant of the sum of 



^^^Tt)4 



Eiximples in AUemali7m-<:urTents. 



i, ti and «g each denotes the inslanlaneovt value, at the same instant 
of titne, of each respective sine^urve. 

i IB denoted by the verlieal dotted line GA; 
ej is denoted by the vertical dotted line HB; 
en is denoted by the vertical dotted line FC, in figure 29. 
It is to be noted that both ot the component presaures lead the current 
in phoee, that they are not equal to each other, and that the angle between 
1 and the horizontal datum is {2irft). 

Expuiiiling the two pressure equations (I) and (2) ipvcs: 
<j=E, |siu {2irfl) COB </>i+coa (2ir/0 sin 0,] and 
ei =E, (sin {It/i) cos ijia+cos {2irf!) sin «i]. (Consult page 13) 
Adding these two equations gives: 

'!+«- E, .in (2,/(| CO! *, + E, CO. (I./l) .in *,+ 

Ej sin (2.-/0 CO. *2+E, cos (2.-/0 .in ^j; which by slightly 
rdUTsnging becomes: 
..in(2./01Eico.* +E,co.*jH-coi(2,-/0IE,.in*, + E, .in^jl. {3)- 
f Ecos |3=Eicoe(^i+E2Cos^g;iuid 1 
■-"lE.in(i.E,sin*,+E,.in*„ / <«■ 

Then hy substituting tlic values assumed in (4), in equation (3); gives: 
«,+«, -E sin (2,/ll cos fi+E cos (2,/i) sin |3. 

-E sm (2,/H-,S).' B). 

which is the equation of a sine-curve, liaving the same frequency oa the 
component curves, but having a different maximum value, denoted by E, | 
and a different phase angle, (referred to the current vector) denoted by 
0, (j3 is a constant) than the component curves, (1} and (2), 

It should be noted that the laat equation is of the general form; 

!/ = Asinz. [AdBnale>EiuiiiiBdenoli»(2ir/l+fl)l 

The foregoing treatment might be applied to two current curves re- 
ferred to one pressure curve. 

PROBLEM SO: Find the nvvietital lalue of Ike maximum ordinale, 
E, of Ike pressure curve resulting from, adding the folloteing iine-preseuTei; 
both being referred to a current curve, having the same frequency. 
<i =I41.4sin OTT^ + IS"); 

«m=282.8Bin (3771+30°). 421 volts} 10° with E,. Answer. 
Also find the phase angle between the resultant and the ti component. 
(Consult figure a, PLATE III, page 3.) 

•This may be Ufa fTDm Ifae UigDUDniPtrial rclBIjons of Ihe poitlDiu of Bum 2e. 
where DM ■=(. HQdMK-e,^ then E em l,2Tfl-\-i)-liS.-e,+ii. 



r 



Examples in AlterruUing^Cui 



Problem JCa: Find the maximum value o( the preaaure < 
!ull ing from ilii? addition of tlie toUowing aine-wavc pressures; 



«, =141,4 a; 
«v ■^141 4 si 



1 (3771+15°); 
(377(+30°); 
(377i+i5''). 



Kind tlie anplea betwesn the rpsullant and cadi component. 



Problem 20b! Find the 
reeultinji; from the adilitioi) v! 
by the ©nuiition: 



aluc of the prcwsure curvo 
sine-pressure tomponenls, expreeaed 



nnd e'V 2M 

'ult flgu»a, PLATE III 



(2-// + 15°) 



Problem Mc; Fiml thv numerical value of the nmxiiiiam uf the 
pressure curve rcaiilljiij; from the addition of i«o sine-presaure coin- 
I ponents, expressed by : 



= 100 xm (2»/() 

= IOO«(>i (2iT/( + 30'') 



Consult fiiiure b, PLATE III, pi 



ADDITION OF SINE- PRESSURES. 

EXAMPLE 21: Find an expression for the value of the resul- 
tant, when two sine- pressures, having the same frequency, but 
di&erent numerical values, and different phase angles with refer- 
ence to the current, are added together. 



ThiB 



continuation of the analysis of EXAMPLE 30, page 103. 

page 104, 



By mulliplsfing together the two equations numbered (4), 
the following is obtained; 

E'sin 3eos3=E,^aLn.^, cos*i+Ei' sin i^ cos* 
E, E, sin *i cos*3-|-E,E, sm <Pi coa ^^i- 

By squaring each equation given under (4), page 104, and then adding 
the results, the following is obtained: 



E* (.-03^ 8 = Ei^ cos^ 1^1 + E,^ cos' 
and ESiQ^j3 = E,^Min=*i + EiSin' 
Adding the above two equations give 



'a+2E, En-o 
^3+2E,Ejsi 



E^ (ain' 8+i-as^ /3| = E,'' (sin^ *,-Feotf' 0,)H-E,' (ain' <tj4- 
cofl^ <^,) -1-2 E, E, (cos ii.1 cos *a +8ia *i ain ^a). 

From which is obtained the following: (since aia' ^-\-eo^ = 1). 

E'-E,*-1-Ei*H-2E,E, (cos 01 cos *a+8in *i sin «jj. 
Which still further reduces to: 

E^ = Ei^-|-Ei*-|-2EiEjcoa {ij>2~<l>0- (See equation (9) page 14), 

Since (*a- 1^1 ) = e, (See figure 29, page 103); the coh («3-<fii) - cosfl. 

Taking the square root of both members of this equation gives: 

E^VEj^-l-Ei^+JEiEicosff; (E, E, and E, may denote either 

itimai e^edinevaXilea; thereaultantbeing of corresponding designation). 



While the foregoing treatment deals with n 
alao to effw;tive values; which may be shown na [ollowa; 



Applying the relitlio 



- 2E\„ 



v2" 


= V2E,^ 


11+ 2E," 


n+iE.. 


fEjcHi: 


..» 


v2J!.l 


'V2Vt, 


.,,+E.' 


ir+2C,. 


,!!..«' 


0.9 



Whenee: rfaukaii'tEefi= vEi^n+EAn+SEi ,« F.j. 



In the ease of tlic two preaaiires giveii, if tlie two component presaurea 
are egwal to cac!i otiipr, and the angle between tlioin jg 0°, then 



E=V'4E,'= 2Ei\«oaO''=n 

IS the two pressttres are equal to each other and the angle between 
them is 90° then: 

E = V2 E,= viE| (cosOO'^OJ 

This is applicable when discusaing "two-phase" alternating-ciirrenta. 

If the two presaures are equal to each other and the angle between than 
is 180°: E = -v 2Ei'' — 2E,* = 0; {cob IS0°=-1). 

If the two presaurea are e(|ual to each other and the angle between 
them iH 120° then: 



E = v2Ei^^2E,'(-lj = ■ 
This willbeapplied when discuBsi 
It may be noted; that 

. „ « E Bin e E. am.;., 



2Ei"+E,^-v'3E, 



" alternating-cutrenta. 



e eonaidered as maxima 



The foregoing discussion of the addition of aine^preasures, applies to 
tine-eurrenls; Uie two eoniponent currents being denoted by: 

i, = I,ein{2-r/£+*,); 
ia = IjBinC2^/(+<(.a), 




afFective) is expressed by: 
which 6 denotes the angle betwee 



In !lM ot tlie preceding diBcuasion of the addition of sine-curve quan- 
tities, i2Trft) denotes a variable angle, while Q denotes a constant angle, 

PROBLEM Si: Find Ike value of the angle, in degrea, betaxen the 
effective valuen of Ivio currents expTCased bj/t 

it =14.14 Bin '157(-J-X5°), and 

tiii=28.28 siu (1571-1-30'); 



Also fiiul the angli 
effective value of the ii 
pressure as datum. 



tn their resultant sum, (effective) and the 
If desired these curves may be referred to b 
15'; 10° (approx.) Answer. 



Problem 21a: Find tlie value of the angle, in d^rees, between 
a values of two aine-currente, expressed by; 






= 14 14 sin(94.24(+15°), 
=23.28 Bin (94-24[-H5'). 



Tlie foregoing amy bo studied more at length by oonsdting plate IV, 
page 4, remembering that the results here shown are applicable alike 
to pressures and currents. The largo curve in this figure is the resultant 
obtained bj» addiug together three sine-curves which are not in phase with 
each other; but having a phase displacement of 15°. One of the sine- 
eurves is taken as datum, and all other curves referred to it in phase re- 
lation. Had the three sine-curves been in phase, the maximum value of 
the resultant would have been 16 instead of about 15,6. The greater the 
phase displacement of the component sine-curves, the less the numerical 
value of the resultant maximum. This may be studied from the stand-punt 1 
of vectors by consulting -figure 29, page 103. The greater the angle ' 
tween Ei and E^, the less the length of their resultant E. The same pruir*'J 
ciple apphea to the resultant of /our sine-wave pressures as shown ii 
28, page 103. 




ExitmpkH in Atlr'iiiiliiiy-Curre'ils. 

NON-SINE ALTERNATING CURVES. 

While the curve resulting from the additiou of two or luor 

hving the same frequenaj, but different maxima viilues and phiise position 

re 9iae-ourves, curves resulting from the addition of several aine-curvea of 

I iStrenI frequencies are not sine-curves, but are irregular in shape, re- 

' ?srdlras of ampi tti-it? or pha'^e positions. The positive lohcs of such 




Figure 30, on this piige, shows one form of alternating-preBsure, (or 
ciirrait) resulting from addiug three simple sine-curves together. An in- 
finite number of different curves might result from adding together three 
Binit-curvea. The curve shown in figure 30, is the resultant of three sine- 
ourves, having 1, 3 and 5 times the frequency of the resultant, and having 
masima values of 3, 2 and 1 respectively, relative to the component aiae- 
ourvc having 5 times the frequency of the resultant; designated in the 
figure &s the Sth harmonic. 

If the three sine-curves had had maxima values in the reverse order 

.given; namely, 1st, 1; 2i)d, 2, and 3rd, 3, and the three curves added, a 

IfTWy different resultant curve would have been found. It is thus seen 

t A lari;o variety of shapes may be found for the resultant curve, by 

varying magnitudee. Greater variations result from varying 

t'^fitgutacies and relative posilinn of the component suio-curves. 

Fourier, in investigating this fact discovered that a certain number of 
I tine-curves of different frequencies, maxima values, and phase position 
[may be found and added together to form the given irregular periodic, or 
Wiidlemaling-eiiriie, and formulated a systematic method for finding the 
mericsl values of the frequencies and maxima values of the component 
|i aine-curvea. 



The meLbod of finding the componeot aine-curvea that unite to (caiO: 
any given irregular altrm&ling-curre, is what may be called the analgnM 
of the given curve. Tliis process is exactly the reverae of the process at 
adding together a givt^ number of definite sine-curves to form a resultant 
periodic curve. Tbp latter proceaa is "synChesia" , and ia a much simpler 
operation than that of analyzing a ^ven curve to evaluate its proper sine-' 
components. 

Many important facts may however be ascertained by the graphical' 
process of constructing alternating-curves from given sine-curves; eithefii 
by aiiding ainemurvea together or by multiplying tbem by each other. 

While any periodic irregular shaped wave may be mode up of the sum. 
of sine-waves having frequencies that are both an even and an ~ ~ 
o! times the frequency of the fundamental or resultant curve, in ordinal] 
aJtematinS'CUrrent practice the irregular periodic pressure and curreBl 
curves are eompoged only of the odd sine-components; or aa sometimes stated 
only of the odd hannonics. 

One reason why this condition obtains may be not«d aa follows: 

When an altemating-pressure is induced by moving a wire (inductoff] 
from one magnetic field to another, the direction of the pressure changei 
from a positive to a negative value when the wire passes from a field havii 
a oerlain direction to a field having the opposite direution. 

Under such conditions all the components (harmonica) of the pressor 
must undergo directional changes in unison with and similar to their n 
Bultnnt pressure. 

By adding together two or more sine-waves having odd frequencicd 
one of the aine-curves having 3, 5 or 7 times the frequency of the o 
it will be seen that when the resultant curve passes from a positive vali] 
to a negative one, (at the end ot a positive lobe) all the (components d 
likewise. Sm Osun 30, page to). 

By adding together two or more sine-wavea having even frequenciei 
2, 4, (1, 8 etc., times one sino-curve, sometimes call the fundamental, i 
may be seen that when the resultant curve paaaea downward from posiUv 
to negative, the components paaa upward from negative to powtive. Frtfl 
a physical standpoint the latter phenomena does not coincide with t 
principle of induced pressures, A careful study of pages 47 to 53 will ass 
in an understanding of the principle. The elimination of the even hu 
monies in altemating-currenla, renders the study of irregular i 
curves 50% less difficult; but it is no joke as it is. 




PRODI CT OF TWO SINE-CURVES HAVING THE SAME 
FREOUENCV. 

The iheoiy involved in muliiplying iwo sine-waveBor iwo eine-curves 
topc-lber, lorms tlie busts of culvuluijiig the power in alUTRaling- current 
eiri-iiils. 

There are two possible raaee ihnt sbmild bo con Biilercd ; 

I. Wktn Ike rin^-euTVC* are in phanr. wilh eaeh irlher. 

II, When Ihe niiu'-furvtJi art mrl iti phtut trilh carh other. 

Atl Ein^-curvee involved in thie eonsideratian are assiinitsi lo have the 
BtuiK^ Irc^ueney. 

The rceultnnt of the produui o[ two gine-eurves is in re«lii_v u eurve 
fomtcd by plotting the produeia of l-hc corresponding mslanlanwut iiUitra 
. of the two Bine-curves. 

Sinee it ie not consistent to multiply two pressures (ogether; or one 
curreni by another eurrent, but more in the line of actual phygieal fact, lo 
multiply a pressure by a currept. givbg aa a. result u power value, the gener- 
al discusaioD that immediately follows, will aSEUine that u sine-pressure 
will be mulllplied by a eine-current having the same frequency R,nd the 
eame phase. That is to soy, the rero and the maxima values of both eur- 
rent and pressure oecur at the same instant of time. The maxima values 
of the two cun'es do not necessarily have the same numerical value 

Let the etiuntions of ibe two curves be: 

e = E„„sia(2r/l). 
and i=I„« Bin (2.//), 

The product of the ordinates of these two curves at any Instant, give^ 
tbe intlanlaneoux pou'er, and Is expressed by: 

Denoting tbe first member by p, uid expanding the second member, 
gives: (Snpicc ^1 (oi value d( aiii'i) 



Em., Im 



•{l-,mia,J,}). 



^(.-™.»(2WV)), 



LJ 



jin: 



jiii 



Examples in AUemating-CurreiiU. 

PRODUCT OF TWO SINE-CURVES HAVING THE SAME FRE 
OUENCY BUT WITH DIFFERENT PHASE DISPLACEMENTS. 

Suppose the two curves are expressed by ; 

and i= I„„ain (2.//), 
The current lags the pressure by an angle 6. 
Multiplying the two equations gives: 

«i=E„„Io.„sm (2»-/i+ej sin (2-//) 
Exptuiding the factor sin {2Tft+Q) aceording to (6) on page 

Gin (2t/0 cos B+cos (2r/0 sin 6 and substituting this value gives: 

ei=E„^ I™., sin' (27r/() eos 6+ sin (3x/0 cos (2x/l) sin 6. 
Denoting et by p and multiplying both members of the equation 
dt gives: 

pdt -E„„ r„„ ain" {2wfl) toa 9 dl+sin (2t//) cos (27r/i) sb 
Integrating this expression between the limits of and v, since ' 
integral of the last term is Kero, 

rE™., I™„ 
'It = :z— cos = E,n Uft COB 0. 



The greater the value of the angle 6 separating the pressure and 
rent the Usg the value of cos and therefore the leas the value of the powi 
When 6 =0° cos = 1, and when 0-90° cos = 0, Consult figul 
a, Plate VI, page 113. 

EXAMPLE 30: Find the average value of the power, in 
in a circuit to which Is applied the pressure; e-1131 2 sin (2r/( + 
30°), with the resulting current; i = 2S 28 sin (2t/(,i 

DATA. 
Average power = £,« I„(, cos £„„ = 1131, 2; E,ff = 800 volts. 

= 800X20Xco3ao° I„„ = 28,28; IeM=30ftmTWre8. 
= 800X20x4^ 0= 30'; cos0--i^ 

=8000x^3 watts. Answer. 

PROBLEM 30: Find the aterngc value of the jmu^er, in iBaOt. 
nroiil, if Ike applied presBun is; (r = n31.28iD(2jr/(-|-00')orirf Ihe 
i-28.2S sin t2x/0. 8000 watts {very nearly). Answer. 

Problem 30a: Find the average power, in watts, in a i 
the applied pressure is; e = 1131.2 sin {2T/t+133'') and the c 
i=28,2SBin(2ff/0. Consult figure b, Plate VI, page 113, 



INDUCTANCE OF COILS. 

A utraight conductor offers tJie siuue resislEinee lo alternating iW to 
direct currents. If however the condm'tor be wound into the forni of a 
coil or solenoid, it is found to offer more apparent reaJalance to an altema- 
t'ng than to a direct-current, with the aaiue value of applied pressure. So 
far aa the direct-current values are concerned it makes no diSerence whether 
the conductor is straight or coiled; if the value of the applied direct pres- 
sure is the same, the current will be a constant. If a certain constant* 
aJtemating-presaure be applied to the terminals of a ilraighl wire, the cur- 
rent in the wire is also found by applying Ohm's law; namely in symbols; 

I =£. If the wire is coiled up, with the same value of alternating- 
pressure, the value of the current in the wire ia found to be very much 
icas than when the wire was straight. The value of the ohnic reaiat- 
ance, R, of the wire is the same when the wire is straight as when it is 
coiled into a solenoid. 

A given coil of wire in the shape of a solenoid having a length of 8) 
inches, a diameter of central hole of 2 inches, consisting of 3000 turna of 
No. 16, B- & S. gauge, double cotton covered copper magnet wire, and 
Sb reaiataace, at 70° Fahrenheit of 10 ohms, was found by experiment to 
have a current of 10.83 amperes in it when a "direct-current" pressureof 
108.3 volts was applied to its terminals: when however an "alternating- 
pressure" (effective) of 108.3 volts was applied to the terminals of the 
same coil a current of only 1.48 amperes (effective value) resulted. The 
ohmic resistance of the wire in the coil was 10 ohms in both cases. Some 
cause othw than ordinary reaiatauce was ncting, when the altemaling-pres- 
aure was applied, lo reduce the value of the current. In order that 1.48 
aniperea be the value of current with an applied dircet-presaure of 108,3 
wlls, the following relation must be true: 

1 48 = -r ■- ^- ; from which the apparent added resistance was 

10S.3— IJ.S 
"■- 1.48 

= 56.41 ohms. 

The total apparent resistance offered to the alternating-current by 
the coil is the equivalent of 66 , 41 ohms, instead of 10 ohms. The apparenl 
redstance isaaid to be 66.41 ohms in this case. If the wu'e had been atraighl 
and its resistance had been 66.41 ohms, then the current in it would have 
been 1.4S amperes for either a D. C. or an k. C. pressure of 108.3 volta at 
lungnne whose msiima values srealw&ys theuoK. 



a,uy rrequency. appUod to the terminftla o[ ilic- wtra. iHaot tho true ohnur 
rwistanpc of the roil waa 10 ohms, Lhi- niducing or the "ehoking" effect 
when t.he A. C. preasui? wiu applied wag due to a emmter electromotive 
force. Sueb a uoiinier electroiuoiii-e force is called a counter electro- 
motive torrc of scit-indm-tion or simijiy of induetioti. This coimtiT f-lnc- 
Iromotive force of induction ia cxprcsaed by e=2ir/LI; / denoting the fn>- 
queniy in L'yclcB per BeuonU of the applied A. C pressure, and L denoting & 
cocflirient, called the coelficicnl of inductance; dcpciiding in numerical 
vulue u()on ihe strengtli of llie inugnetjc field Inaiile of the roil or solenoid 
Th'- e.xpresajoii for thr idtern;xlinH;-currenl. in amperes. In a coil or 
solenoid, having no iron near it, is 



I- 



j , ^ ; E denoling the allertiuling-preasure, ii 



VDlta, (p(rective)Bpplie'llo tlieterminuUof thecoil; Rdenuiinij the resis- 
tance in ohms, of the wire conatitutin;; the coil; / denoting the fr<^ 
quency. in cyclei^ per second, of the applied tdteraating-preaaure, iitid L 
denoting the coefljcieiit of induction, expresiied in henrys. 

U the nuixim'HH value nf the applied presaure is uaed in the alfOV'' 
equation inatead of the elTeciive value, then the vidue of the curnwt found 
by dividing the niaxinuim vuluu of tlia prei*auri' by t1)e vulue expreoood^ 
the denominator of the equntion, will be the mnriiimm value of the ciUT«Bt. | 
Thia 19 assuming tliat t he applied p ressure itt a aine-preesUre. 

The expression >, R'-*-(2t/L)' is called the imptdanrf of thv (toil a 
the expreaaion 3r/L le called the rractancc: of tlie Poll. For OOnVenleii 
the impedance ia aometimea denoted by Z and the reaclimee by X- 

Then: 



or X = * v'Z'-R". 

The numerical value ot the coefficii 
obtained by experiment as 
indicated in example31, puge 
117. The numerical values 
given in this esample, and 
in problems Illft. 31b, 31c 
and 31d were indicated by 
thev; 



ected ag aliov 







COEFFICIENT OF INDUCTANCE OF COILS. 

EXAMPLE 31: If the effective value of the current in a coil 
or solenoid of copper wire having no iron or other magnetic material 
near it is found by measurement to be 1 4S amperes when the 
effective value of the pressure applied to its terminals is 10S.3 
[volts at 60 cycles, compute the numerical value of the coefficient 
nf inductance L of the coil, If Its resistance is 10 ohms. 



OBSERVED DATA. 



From the equation: 



vRVtar/Lj= 






1=1 4S amperes, (effective 
R = 10 ohms. 

CALCULATED DATA. 

E^ = 11728,81) 
I' =2. 19 
R^-100 






-- = mi'yi (Cdmi 



I libit, 



Substituting f he proper niiniL-rirai values in this equation gives: 

L- Ofta^^o-^ ' — ■ ^ -.002<i5v5255 lio 

-.C(m5XTi 19-b Kbenry. Answer. 

fROBLEM 31: Given a roil oj insulatetl copfer wire, haring a Teiif- 

tanee of 10 ohnti,ir<iih wi magncik tnaterial near il. If a iirenim of Wi 

toJitateOcydei Qpplutl to Ihf Itrminah nf ikf. enil inwluees a current of S^ 

ItmptTts in it, compult (Kt nur/ifn'ruJ mlue of Ihe coeffirietil of indnrlnmx, 

,af the roil IMS henry. Answer. 

Problem 3Ia: If a pressiire of 82.5 volts :il OU c.vcles, applimi to 
tlie termin&ls of u roit of copper wir^ having do mii^nctie material near it. 
produces a currenl. of 1 . 17 amperes in the coil, rompute iLe numerifal value 
of this coeffifi*ai of iiidiietanee of the coil. 



Problem 31bi Givm a coil of wire having no iron eore, wl 
resiat.nnce is 7,(W)0 ohms. Couipuie the coeffirient of inductance of the I 
lioil, if a pressure of 1D4 volt3 at 60 cycles, when applied to (he termi- 
nals of the coil produces a current of j^jj amp-res in it. 

L = 10.36 henrys. Answer. 

Problem 31c: Given a coil of wire, having no iron core, whoae 
resLBlance is U) ohms, compute the coefficient of inductance of the coll, if 
a pressure of 110 volts (effective) at 60 cyelea, when applied to the ternii- 
nalaot the coil produces a current of -[^amperes (masimum) in it, Efftc- 
live pressure ie given and maximum current required. 



Problem 31(1; Given a coil of copper wire, with noironcore, whose 

resistance is 10 ohms. Compute the numerical value of the eoefficies 
inductance of the coil, if a pressure of 54,15 volts at 60 cycles, when ap- 
plied to the terminals of the coil produces a current of 0.74 amperes in it. 
Compare the answer Uj this problem with exajiflb 31, page IIU, 



The coefficieot of inductance of a coil htuiing no irrm trilkin or near i 
is a constant regardless of the strength of current in the wire of llie coil. 

The introduction of an iron core into a coil greatly increasea the in- 
ductance for all current, values, and in addition the coefficient of inductai 
becomes variable. The variability of the inductance now depends upon 
the magnetic permeability of the iron constituting the core. 

It is not possible to compute the numerical value of the ooefficieot L 
when iron is present, unless the magnetic permeability, (denoted by (ij it 
known for each and every value of current in the wire constituting the coiL 

A number of equations have been derived from theoretical considera- 
tions and from experiment, for calculating the coefficient of inductance 
of any given coil having no iron near it, in terms of the dtmenaums of the 
coil, Two such equations will be considered. 



Examples in AUtrnaling-Currenls. 



CALCULATION OF THE COEFFICIENT OF INDUCTANCE OF A 
COIL. 

EXAMPLE 33: Compute the coefficient of inductance L. of a 
coil of insulated copper wire; the length of the coil being 21.6 cen- 
tlmeiera (8} inches) over all, its diameter being 11.74 centimeters 
(4i inches) and having a central hole 5 08 centimeters (2 inchee) in 
diameter. If the number of turns of wire is 3000. 



GIVEN AND COMPUTED DATA. 

b = 21.9 centimeters 
5b = 103 

N=3000; N"=9,000,000. 
a = g- ?«| i '-^ 7 = j.2cmB, 



The value of L in this case nil! be 

computed from twodifferent equat ious 
uid the results compared. 

The dimensions here given were 
measured from an actual coil wound 
with double coilon covered, No. 10, 
i- & S. copper magnet wire. 



!^: 



Using the equation ' 



b+c+r 



10' 



3c- 9,9 

5c-16,6 
lie = 19,9 



,%r- 4.109. 
14r=57,52l} 



47r''*39.47S4. (Swpsgeaia.) 



which a denotes the mean radius of 

the windings, 
r denotes the radius of the coil, 
b denotes the axial length of 

the coil, 
c denotes the thickness of the 

winding, 
N denotes the total number of 

turns in the windings. 

5b+6c+r , 
~ 5b4-5c+.l%r' 

^i Y = ltogio(l00+2^J . 

L ■FoDnd in fndwfancc of Coili by Morsan BiookB Kod U, M. Tutner. UniMniln ft 
HpiHi'i fluOtlln Vol, IX. Ko. 10. A very interestias and vilnable diiKiaAoB. 



^iubetitutinf; ihv proper n 



aoil 



^* 108 + 16 65+4 l<» 
V = l!oei(, (K«0+1 08l)-l (2.0046652) 
4T^a^N' I 38 4784X17 ftJXSOOOOQO 



I 



21 e+3 33+5*17 10* 

-0 203403; tiiETef<.re 
L-fi-20a403Xl 039X1 00233 
=0 3125 beoiy. 

The value of L ioi Uip above coil obtBinfd esppritiiPntdlly, at^coTdiag 



brO 18. 

OrJIng lo IhJB roelhod, 

r in the indicB.tionB ot ih* 

is M^duit by ftlRbdy of 



lelhod outlined da page 116 tras found I 
In obtaining t.he numtriFtU value ol L h<- 
may be Beer i.fiat u slight eircir in tAiservaiion 
voltmeter and the amn]et*f aflei'ts the calfulai 
of the preaaure and curt'iit urr squarrd. Thii 
example 31, page 117. 

EXAMPLE 32a: Cotnpute tbc numeHcal value of the coeHi* 
cient of Inductance L. for a coll of copper wire consisting of :hxiO 
turns of insulDted wire having a resislanct! of 1(1 ohms at 7«°F If 
the lenftib of the coil is ^^ inches, iviih a 2 inch diameter central 
hole through K- 

DATA. 
The value of L, in Lenrj's, a 4b =12,.T6fl3C. 

expressed* by; ' n -SOtHi, n'' = ftC(00Q0O. 

yi ^ 1 for olr and tat any noD- 
I _ - ^'"'"'^ , ~rri ninEneiir 

b ^^^ A-.x5:M^=20 STBq.cms. 

b =8 5 iiuJiw; -21 &»« 
4 n n^ H A =21 « rms |¥«y Dt^urly) 

' 1 am 000 ooo b ■ J -hbss. 

t^ubel.itutitig ill the above equation the given nuntratrjilvidUM gives; 
12 SW3f.X9OO0QOOX0 93S 



aunvCur, 



I 000 000 000 
ml AforAixo by Bbeld 



= IM henry, .\nsner. 



Eianipks in AUemating-CurrerUs. >^B 

It may be noted that this equation requires fewer data than the pre- 
vious equation, and that errors in meaaurementd are not magnified in the 
process o( computation. 

Problem 32a: Compute the coefGcient of inductance of a two 
layer coil, using the following equation: 

3 3 / 2a*=a'i' S^' l J 3 

1 Vii^-f l' 3t J 

|[(m-l) V + ("'-2) "„'+■-. -I [V^/+?-K] + 

j[m(m-l)<,,»+(».-l)(m-2)n„» + (",-2i(m-3)a,,/ + ....lx 

,'33 ~5ti f ; in which 711 denotes the number of layers; 

a the mean radius of the windings; &,,&„,&,„, etc., the mean radii of the 
■evo'al layera; / the length of the solenoid, in centimeters; n the number of 
turns per centimeter length ; la the radial distance, 'n centimeters, between 
any two consecutive layers. 

For the coil mentioned above, m=3; a = 2.669 cms.; ri = 6,O0; Sa 
-0- 129 cm,, andi=2l .6 cms. 

This gives the inductance, in henrya, of the two inside layers of the 
'eoil mentioned in example 33, page 110, 

INDUCTANCE OF TRANSMISSION LINES. 

Whenever energj- is transmitted from one locality to another by elec- 
'ioal transmission lines employing altemating-eurrenta, ''inductance" 
pt the transmission lines plays a most important role in the "efHciency of 
Operfttion" of the lines, 

The greater the inductance of the lines the less the power factor of 
the lines and the greater the amount of copper needed to deliver any given 
tmoimt of power. This fact may be better comprehended by consulting 
pa^ea 50 and 53, Vol. II, Exuraples in .\lteraating-CurrentB, For the 
present it will be only advisable to consider the factors entering into 
"liru ituiaeliince" , their relation with each other and their individual in- 
Bueuoe on the numerical value of the coefficient of inductance of ttans- 
'misaion lines under ordinary conditions of installation. 



F. 



Examples in AUenuUing-CurretiU. 



EXAMPLE 33: Compute the inductance L of a iransmisstoa 
line 100 mUeslong, conalsting o( two No. t, B. and S. gauge coppw 
wireSi atrunft ao that the distance between their centers is 2 feet. 



DATA. 

I = 100 nules -16093440 centimeteia. 
<i =21 inches =60.96 centimeters, 
r =0-I«6 inch =0.3674 oHiB. 

,( = 1 {for air) 

--16S.9 



The equation 
inductance of two parallel wiree is: 



L.*i loB.; +^ Xr 



In which L denotes inductance, in henrys; log. of 165.9—5.1X1988 
(from tables) I denotes the length ot the line (one wire) in centimeters; i 
the distance between the wiree; r the raditiB of the wire; fi the magnetic 
permeability of the medium between the wires; {(or ail n=iy, log, denote*' 
natural logaiithma. 

To convert common logarithms (baae 10) into natural logarithms (bas 
2.7182818+) multiply the common logarithm by 2.3032585; or divide the 
common logarithm by the modulus 0.4342945 which is the reciprocal of 
2.3022585. 

The ratio f is the same numerically, whether the numerical valuen 
of d and r are expressed in inches or centimeters. 

Substituting the various numerical values in the fundamental equa- 
tion gives: 

L = 64373760 [5. 111988 + 0. 25] xVu'- 0.28heniy. 

PROBLEM 33: Find the coefficiml of indwtance L, of an oUenKUing- 

evTTent iTanamiaeion, line eongisting of two No. 1, B. &S, gauge eopptr tinret, 

strung so the dUlaiixe helv:een their cmtere ii 4^ iiicliM. Tht dialance b^nf 

10 miiei. .038 henry. Answer. 

log,7 =5.761244. 

Problem 33a: Find the coefficient ot inductance L, of an 'A. C 
traJismission line consisting of two No. OS B. & S. gauge aluminum wire^ 
each 10 miles long, strung so that the distance between their centers ii 
48 inclies. 

As the length of the line increases, vrlth any given spacing, th» 
Inductance coefficient increases; as the spafing increases with any 
given length of line, the coefficient increases. As the size of the line 
wire increases for any given length, and spacing, the line inductance 
decreasea. 



j„.. -p,'., .i.:i.,-i,iiUitg-Currents. ^^V 

EXAMPLE 34: Find the numerical value of the effective cur- 
rent, in amperes, in a coil havingacoefficlent of iaductunce L = 
112 henry, and a resistance of 1(1 ohms; if an alternating-sine- 
wave pressure, having a maximum value of 147 07 volts at tiO cycles. 
Is applied to the terminals of the coil. 

DATA. 
; E„„ = U7. 07 volte. 

E,M = 104 volte. 
(14" 07Xvi) = (l47.07X.707) = 104 
/=60 cycles per aeeond. 
E R = 10 ohms. 

■ Vk' + i2^fhf' 2,/-377 



le current in tlie coil for a frequency of 1)0 cycles will be: 



VlOO-l- (377X0.112)' 



^100+1782 ^1882 43 ' 

-=2.4 AMPERES; (effective value). Answer. 

PROBLEM Si: Find the current in (he coil mentioned in EXAMPLE 
S4 if the frequency of the pressure is changtil to ^S'''^,atl other comlilions 
remaining as stated. 5.3 Amperes; (effective). Answer. 

Problem 34a: Plot a, curve, to scale, showing the variation in the 
current in the coil mentioned in EXAMPLE 34 due to variation in the 
frequtrwy of the applied pressure; all other values remaining constant aa 
stated in the example. Take values of frequency osfoUows: 15,35,60,80, 
100, 125. Plot values of frequency horizontally as abaeiasfle, and values 
current, in amperes, vertically as ordinates. 

Problem 34b: K the reactance and the resistance of a coil vrith 
iron near, are equal to each other when the coil Is connected in a circuit 
where the frequency of the A. C. preasuie is 15 cycles, what will thrar 
relative values be when the same coil ia connected with a circuit where the 
A.C. pressure has the same numerical value at 60 cycles? The frequencies 
e aa 1 to 4. Consult example 36, po^e 127 and page 115a. 




Examples in Alt^nialing-Cweiils. 
INDUCTANCE OF FIELD COILS. 






EXAMPLE 35; Find Ihe Inductance of (he field coils of a 20 
pole alternator, if the 20 coils are connected together In series; each 
coil having 616 turns, if a field current of 95 amperes produces 
6,400,000 maxwells (tj.4 mogulinesj per pole. 

DATA. 

Foreaeh turn; $=lj,400,000max:(rells. 



For 616 turns. 
L=616 ~ 



N = 



= . 695 obampcres. 



_ 616X0400000 
0.695 

='5.672henrys, per coll. Answer.' 

total iaduclsDce will be 5.672x20-^113,44 henrj-s. 



PROBLEM 35: Compule the foefficient of indTicUma, L, of a 
pole aUemaloT having 3760 ampere-turn» per fkld eoit and a magnetic jinx 
of Jf.S mega-maxwelU.when Ike exciting currful (cutrentiotiHfieldooito) j> 
ampere. 45 henrys per coil. 90 Henrys for both colls. Answer. 

Problem 35a: Find the field winding inductance of a four-pole 

altemator,having5000anipcrc-turns per pole, and a total flux of 6,000,OW 
maxwells when the exciting current ifi 5 amperes- 




POWER FACTOR. 

Whenever an allerDating-pressure is applied to the terminala of d 
coil such as is mentioned in example 31, page 117, and in example 32, page 
119, the pressure may be considered to be divided into eompoitenls, as il- 
lustrated in figure 33, page 129. 

One component of the appUed pressure is effective in producing the 
so-called ohmic current; which is useful in producing the desired useful 
power effects. If the appUed pressure is a sine-wave pressure, and there 
is DO iroti in or near the coil, the ohniie preesure component will be a sine- 
wave, the current will be a sine-wave current, and the current will be in 
phase with the ohmic pressure component. 

The ohmic pressure component itself cannot be ia pbaae with the 
applied pressure, and hence the so-called ohmic current, or the useful 
power component cannot be in phase with the applied pressure. 

In figure 33, page 129, the ohmic pressure component is denoted by 
RI and the applied pressure by E, 

Here the RI ohmic component lags behind the applied pressure by an 
angle of 45°. 

Whenever the ohmic current lags the applied pressure, the cosine of 
the angle of lag is called the power factor. 

This is however only true for sine-curve pressures and components, 
and their resulting sine-curve currents and components. 

In figure 33, the angle of lag being 45°, the cosine is 0.70711. and the 
power factor is 0.707 (approx.) or (0,707X100)=70-7%. 

It the angle of lag is 0°, the cosine of 0° being 1, the power factor would 
be unity; or 100%. 

Any circuit having inductance (meaning one whose coefficient of in- 
ductance has any numerical value other than zero) has a power factor 
whose numerical value is other than unity, 

Alternating-current motors and transformers have power factors 
other than unity, under ordinary operative conditions. 



There is no definite power factor in cases where the alternating-pres- 
sures and currents are other thi 

Power factor is not a fixed constant value for any given machine 

or circuit. In a motor and transformer it varies with the load output. 
The same is true of a circuit supplying power for several motors. The 
power factor of a, given circuit, with one motor operating at a steady load 
output, is a definite value; when another motor is connected with the cir- 
cuit, the power factor changes in value. 

In a two-pbaac circuit, one circuit, or one phase, may have 
power factor, while the other cireuit or the second phase may have a differ- 
ent power factor. 

The three phases of a three-phase circuit may have different power 



The power factor of a poly-phaae circuit is an indefinite quantity. 
Power factor will be discussed further, in Vol. 11, 




Examples in AUernaling-CnTrents. 

EXAMPLE 36: If a harmonic (sine-wave) pressure of 155 5 volts, 
mailmum value, when applied to a circuit, produces a current of 
lO.amperes, (elective value) which lags the applied pressure an anftle 



of 45°, find the resistance and the 



of the circuit. 

DATA. 
Enmi-155.5 volta. 
Em(-110 volts. 

I = 10 amperes, (eff) 
<(> =45". 

cos * = .707 
Bin ^ = .707- 
O 



" v'R'+(2x/L)'' 

impedance =v'R^+(2x/L)'=?=M? = ll=Z- 

In the triangle shown in figure 33, wliicli represents the vector rela- 
tionB of the upphed pressure and its reactive and resistance campoucots, 
the side adjacent =RI; the hypotenuse =110, and the aide opposite = 
2TfhI. From trigonometrical relations: 




UOXcc 



i45°^ 



RI=77.777. Thereforethe 
. I'oX-Tn j ^ 7.77.0HMS. 



Answer. 



The reactive E. M. F. =2t/LI, and from trigonometrical relatious; 
110siQ45''=25r/LI; 

110X0-707 



X=2ir/L = 



10 



- =7.77 (expressed in o 



,6.) 



If 2wf= 157 In the above example, find the value of L and of the 
frequency. 



From 2t/I. = 7,77, it2fl-/-157, /=25eycles 
L = ^= 04949 henry. 



(Set tabl* pace 20S.) 




Examples in AUerttaling-CuTTenl*. 

PROBLEM 3G: 1} a harmonic (HJne-wave) prewure o/ 155.5 t 

maslmum, when applitd lo a circuil, producea a Hne-ewrent of 10 amperet, I 

which lags the applied premure hy an angle of 30°, find the resitUmee and Iht -I 

e of the circuit. (Coneult page ID.) 

ReBiBiance=9.52ohmH. Reactaace=5.5 ohms. 



Problem 36a: If a harmonic presGurc of 155.5 Tolta, maxlniuin, 4 

when applied to a givrai circuit, produces a sine-current of 10 amperes, 1 
effective value, lagging the applied pressure by an angle of 15°, find tbfl 1 
resistance and the reactance of the ci 

Find the value of L if 2jr/=377, 

Find the value of L it 2x/= 157. 




BsampUa in AlUmaling-CurrenU. 



INDUCTIVE IMPEDANCES IN SERIES. 

Suppose two coils of insulated copper wire, having different ioduc- 
tancee, without iron cores aod with no magnetic material near them are 
connected together in series, and an alteraating-preasure at a certain fre- 
quency is applied to the terminals of the arrangement. It is desired to 
know the numerical values of the various pressure components; their phase 
relations with either the applied pressure or with some current comporienl, 
and also the magnitude and phase of the current 



The arrangement is denoted by figure 34. 

Let Bj denote the resistance of coil No. 1 ; expressed in ohms. 

Let Li denote the coefficient of inductance of No. 1, expressed in henrys. 

Let Rii denote the res'stance of coil No. 2; expressed in ohms. 

Let L,, denote the coefficient of inductance of No. 2; expressed in 

Let/denote the frequency of the applied pressure. 

The impedance of coil No, 1 may be expressed by; 

The imptdanee oE coil No. 2 may be expressed by: 

Z„ = v'R„=+(2./L„)' " VrJ+xJ^ 

The vector diagram, figure 35, page 132, shows the relation of the 
current and the various pressure components. 

Since whatever current (denoted by I) fiows in one coil must flow in 
the other coil, the coils being in series, it will be convenient to employ the 
ohmie ■preatMre-compontnt (which is in line with the current) ae the hori- 



i 



Eiamplea in AllerTiatinfi-CuiTenU. 

contal datum. In figure 35 the ohitic presmTe-amponenl, (R, I) of coil 
No, I, is denoted by the vector DF. The reaelive-preisure-component 
(2x/L,I) of the aame coil ia denoted by vector FA, The resultant of thi 
two presBure-^ximpoiientH is E, denoted by vector DA. 




The angle of lag of the ohmic-pressure, {R, I), and likewise of th« 
current-component I, behind E,, la denoted by the angle ^,. 



VR,' 
R, I 



hiSTC? 



Referring to the Bame figure, the ohmic preasure-component, (R" I), 
of coil No. 2, isdenotedby the vector OB; the reartive pressure-component, 
(2ir/L/il), by vector BD; the resultant E„ of these two componente, bj 
vector OD, and the anRle of lag of (R,, I) behind E,/, by ip,i. 





Examiilea in Atler>tatiii,g-C'urrenU. 

The reaultant of E, and E,, is E; denoted by vector OA. The triangle 
DAF mighl have been consiructed as indicated by OA' F'. Then [rom the 
expression for the resultant of two forces: 

E=VE,'+E,/+2E,E„ co^e; in w 
the two preaiure eomporienla E, and E„. 



it I and the resultant or applied pree- 



If the angle between the ou 
Bure E ia denoted by tp, then; 

'"•* R,+ Rv, ■ 

One of the coils represented in figure 34 might be wound noniaduc- 
tively, or one of the series portions might consist of a noninductive re^s- 
tance. If this should be section No. 2 then En would be horizontal in 
figure 35 and in line with R, I, {D F). 

If the two coils are exactly aimilar; having the same resistance and 
the same inductance, then ip,'-<p„; E, E,and £„ will be in tine, and 
E,+E„=E. 

It is evidently impOBsible for E, and E„ to be at right angles with each 
other. The angle ODA between E, and E,. approaches 90° if the resistance 
of one coil ia large and its inductance is small, while the reaistance ot the 
other coil is small and its inductance is large. 




^■M Elamplca in AUerjtating'CiiTTcnls. 

EXAMPLE 37: If a coll having a resistance of 10 obma and 
an Inductance L, =^ henry, is connected in series with another 
colihavingareslHtanceof lOOohmsandan Inductance L.i^^ henry, 
and a pressure of 200 volta, maiimum value ia applied to the ter- 
minals of the arrangement, lind the effective value of the current, 
In amperes, In the circuit, and the numerical value and phase re- 
lation of the pressure hetween the terminals of each coll. The 
frequency being 60 '^^. 



The eftectivi 



n the CI 



'' y/(R, +R..f + l.2irfL. +2«/L„)" 



GIVEN DATA. 

!m.. = 200 volts. 
/ =60 cycles. 
L, =Y^j henry, 
R, = 10 ohms, 
U, ^ -^ henry. 
R,, = 100 ohma. 



=0.75 ampere. Answer. 



COMPUTED DATA. 
Es,i= 0.707X200=141. 4 volte. 
23r/=377. (Sm pane 208.) 

2jr/L, = 113,l, 
2s/L,-= 37.7. 



If the current is assumed as the horizontal datum, the angle between 
the applied pressure of 200 volte, maximum, and the maximum value of 
the current is found from; 



IL+R„ 
^ = .{-53° 53', and is an angle of lag. 

The numerical value of the pressure (effective) between the terminala 
one coil IB I,KVlt/+(2)r/l.,)^= 85.05 volts. 
The angle between this pressure and the current ia found from; 

ton tp,= j „ ' '11.31; from which is found 

0, = +S4° 57'; therefore the current lags this pressure. 

•Td Ubbcd tbs Uboc ia computitioD the dEDomioator ot tliia eqnstian miibt be >i- 

wed u [oUows: 

V|R,+R.,) = +lir=/= (Li+hi,)' 
Tbe viilueol«rV°~ (3'/}' mBy be obtained bom the table oa past SOS. 



The numerical value of the pressure (effective) between the lermiaals 

of ihe other coilis I.wv R„'+(2ir/L„)'=80.14 volia, 

The angle between this pressure and the current ia found from; 

2ir/L 
tan 0„= ~ n ~ -0.377 from which is found 

iii„=20 40' and since the ttvngent is fiosifiw, the current 
tngH the pressure of 80. 14 volts. 

In a case of this nature, ^,—(^„ is always less than ^, and with any 
arrangement of inductive and noninductive resiatunees in series, the 
angle of lag can never be as great as 90°. (Conault Sean 3S. pacfl 132.) 

The arilhnuUical sum of the two preaaures; 85.05+80. 14=- 165. 19. 

PROBLEM 37: Jf a coil hiwirig n rmintanceof 10 ohmt and an imbie- 
taiKB L, =1% henry, U conneeled in scriea mth anotlier coil luiving a reaiataiice 
o/ to ohm and a meffinicnl L„ =-^ henrj/, and a pressure of 2000 voUe, 
^eclive value, is applied to the lerminals of the arrangement, fimi the e^ectivt 
value of the current, in antperes, in the arrangement, together with the numer- 
ical value and phone relolion of the pressure across each coil. The frequems 
of the applied pressure being 60 cydea. 

8.81 amperes; E,-E„ = 1000volt8; i>=0,=i^„-84°57'. Answer. 

Problem 37a: Plot a vector diagram, to scale, showing the relation 
of the appUed pressure and the various component pressures in example 37, 
page 134, letting a length of 1 inch denote 20 volts. Assume all ohmic 
pressure-components to be horizontal. 

Problem $7b: Find the effective value of the current in a cir- 
cuit consisting of two inductive coils connected together in series, if 
one has a resistance R, of 2 ohms and a coefficient of inductance L/ 
of T^ henry; the other a resistance R„ of 5 ohms and a coefficient of 
inductance L,, of jlfW h^ifyi 'f ^^^ maximum value of a sine-wave 
pressure applied to the termioala o' *.he arrangement is 311 volts at 
15 cydes. 



Exampks in AUemtiH'iB-Curri 



the phase relation of cuch ro3 



Find the Dumerical value an 

preBBure, referred to the current- 

EfTectivo uppliet] pressure = 220 voha, 

31.1 amperes; effective. E„ =68.73 volts. Ej, = 155.52 toUb. 
Tan^, = 0.47I2 i>, = 25''14' Tan*,, =.018848 0„ = 1'5', 
it> = S° 25' 

It should be carefully noted that a change in the frequency of the pre»- 
aure applied to any coil or any arrangement of coils not only varies the 
aumeiical value of the resulting current but also uhanges the pliaee relation 
of the current with the applied pressure, asEuming that the numerical 
of the applied pressure, in volts, remains constant. 




This may be shown graphically by means of vector diagrwns such 
figures 35 and 37. In both cases illustrated by these diagrams, the BppUe4, 
pressure E was the same; 1 10 volts, while in one case the frequency wi 
cycles, b the other it was liO cycles. R was 100 ohms and L was 0.206> 
henry in each ease. 



For 60 cycles; 2jr/'L=77.7i tan *, = fotf =0.777; 

^/ ■= 37" 51'; I, =0.868 ampere, and Rl, 
For 25 cycles; 27r/'L=67.«; tan 0,^=3^^^=0.6744. 

*„ = I7''65'; I„ = 1,00 ampere, aad RI,, = 106 volts. 



^ 

^^^^^H 
^^^^1 




Examplfi in Allemating-CurrenU. 



Problem 37c; A nOQ-inductiTe resistance or 65 ohms, is connected 
in seriea with an inductive resistance of 5 ohnis and -^ henry, and a 
^.M 110 volta, (effective) at 60 cycles is applied to the ter- 
S'l^^flWitttangemcnt. Find the effective value of the current, in 
d ita phase angle with reference to the applied prissure. 
I = 1.069 amperes; ^=47° S'; Answer. 
Problem 37d: A non-inductive tesiatance of 10 ohms, is connected 
in oericg with an inductive coil having a resistance of 10 ohms and an in- 
doctaiice of 0.1118 henry. If a sine-pressure of 128 volts, (effective value) 
at GO cycles b appUed to the Cerniinala of the arrangement, find the effective 
value of the current, in amperes, and it« phase angle nitb reference to the 
applied pressure. 



> scale, showing the relative 
•UB pressures of problems 37c 



Problem 37e; Plot a vector diagram, 
magnitudes and phase relations of the var 
and 37d, letting 1 inch denote 20 volts. 

The relation between impedance (see page 144) and admittance; be- 
tween conductance and suseeptance, and between resistance and reactance 
may perhaps be explained by the following: 

Suppose figure 38 denotes an impedance triangle, OBA, properly drawn to 
scale. 

This is a right-triangle (right 
angle at BJhaving ita hypot- 
B OA=v'R*+(2.r/L)*- 



the impedan 



ot 1 



having a certEun rcBistance 
R, coefficient of inductance 
L and an infiute capacity; 
{Beepagel52), ThesideOB = 
Rj = lhe resialaiicc; (expressed 
inohins) the side BA=2jr/L = 
the reaetaitce, and the 
between the resistance and 
the impedance ^ ^. Tan 
mnjf U.59993, 




FIG. 38. 

= 3(i''S2'; "cos iji = 0.80003; 



M 



"^"T. *-«■" 



.».•'" 



.«"• 



--^t^':^ 

——■**" ^-<«»-**^ 




A Itemali'ig-C urrents. 




FIG. 39. 



Next suppose the triangle O'B'A'figure 39 ia so drawn that O'A' =^-^ 
(the reciprocal of VR^+CSr/L)' and bo that the angle B'O'A' (the an^ 
at O') is equal to as in figure 38. It will be imposable to properly short 
on a page of this size the true relative lengths of an impedance of 100 w 
its reciprocal xffTJ- 

Admittance is defined as the reciprocal of the impedance. In figure 
O' a' denotea the admitlantit; the symbol Y is UBually adopted 
designate the admittance. 

While the length of O' A' figure 39 denotea the reciprocal of OA in figure 
3S, it does not follow that O' B' is the reciprocal of OB; nor that B'A'is 
the reciprocal of BA. 



■ v'R''+(2t/L)' 



" sfK^+&wJW 



it having resistance and induct, 



1 = — K ; — n i iruiu i^iuuu 

VR^+IS'/L)^ 
E»IVR^.+(2»/Lr ; which is an equation of pTMSHTM, 




Examples in Alkmating-Ci 



Suppose another triangle as 0"B"A" figiirt 
40 is construeted, to a scale found by multi- 
plying the hypotenuse and each aide ot the 
triangle OAB, figure 38 by the current I, 
The triangle in figure 40 is a triangle of pres- 
euret; according to the last equation of pres- 
Bures. Now suppose the side 
O'3"of the pressure triangle 
(figure 40) be divided by R; 
that is x =•■ The numeri. 
cal value of I may be drawn O^ i-4i«di««. 'G Ki = 8«voto "eT 
as the vector 0"G, It the yig. «. 

line GD is drawn from G, the end of the (arrent vector, perpendicular li 
0"A" then 0"D = 0"G cos ^ - I cos «. 

In words; I cos <j> denotes the component of the current I that is ii 
pbsse with the applied pressure E. 



But I = 



VR^+ilw/LY' 



(in the given case =-^?--^40 amperes.) 



VR^+{2irfLf 



and- 



is 0, and y cos ip, each express the c 



duclanee of the circuit; usually denoted by the letter g. Consult figure 39. 
Conductance rnay therefore be d^ned as that factor by vikich the applied 
pressure must be m uUiplied, to give that component of the Urie eurreid tvkich ii in 
phase with the applied pressure. 

The DDDuricol Tslui □[ tba (KHidDotBiin in the|iTane«« U0 • i^i X 0,B0003 •> 0.32001. 

Again consulting figure 40, it is plain that the aide DG=0"G sin ^ = 



Q 0; but I sin = 



-Xsin<J> = EY8in^. 



I sin ^ (side DC) denotes the component of the line-current I, that is 
perpendietdar to the applied pressure E, 




Eiarnples in Atternating-CufTenU. 



I, and Y sin •)>, each express 



the luscepfariM of the circuit; usually denoted by the letter b. See figure 39. 

Suaceptance may be defined as that jattor by which the applied preawt 
may be tntiUiplied to give Ihat component of Ike line current whieh ia perpe*i 
didlar to the applied pressure. 

The numBriMa value of the aiucepUace in Ihe givan cmH ii , I, X 0.59995 - 0.23998. 



From figure 38; y/~^+{2irfLf X cob-* = R; 

(hypoteniue timea tlie cDsiae eiTeB theyaliioof thsiidendJKCfnt.) 

from which cos <t> = — =„ ■. — 

But the conductance, g = — — — ; therefore, 

- J5- = ^ 

" ~ zxz " z^ " 



it Hivei that eomponent of tin 
in pfioMe with th? apj>1wd pn^ 
1 forte eim be 1S0° mth it.) 



L. 




Also from figure 38; VR' + {2rfLfx ain* = 2»-/L = X 

(hypoUmua timeathe due tiveithe Woe of the aide oppoeiM.) 

from which; aim* 



it the sBsceptance 6 — ,— s z — ■ 

VR« + (2,r/L)' 
jf jj IK X ii nnralics tbi 

ZXZ Z ■ (horetorB, unlil™ a, b 



The algebraical sign of coa (p, from the expresaon . j . ~~j " 5 

is alway8+ wnce R is always positive. 
The idgn of sint^ is -{- when the capacity of the circuit is infinite; that 3 



2>r/C 



Examples in AUemating-Currents. 141 

If the' capacity of the line is less than <» then 

• ^ 2ir/L - ^ X 

sin = , . -1— ^ — - = — - 
Vr2 + (2x/L)2 5& • 

In this case if — :; — is greater than 2irfL then X is negative and 

2ir/C 

X 

sin = — — ; the susceptance b is then negative and must be so 

treated when combining it with other susceptances. 




I Altemalitig-CTirrfMls. 



TWO IMPEDANCES IN PARALLEL. 



Suppose two impedont^es (aucli as two coila), are connected together ia 
parallel as indicated in figure 41; let one have a. reeistance denoted by Rj 
and a coefficient of inductance denoted by L/, while the other haa a 
tance denoted by R„ and a coefficient of inductance denoted by L^^. 

Let aa uJtemating-pressure denoted by E be applied to the terminal^ 
AB of the arrangement as indicated. The frequency of the pressure will b 
denoted by /. 

The pressure E is common to both branches of the arrangement, and prA 
duces a current in the upper branch denoted by 1, and a current in the lowi 
branch denoted by I„, The current in the main line will be denoted b 
I. I, and I„ are not necessarily equal to each other and not necesaarl^ 
in theaame phase relation with the applied pressure E. 





FIG. 42. 

The current in the upper branch may be expressed by ; 

..- , ' - 

VR,"+(2t/L,)' 
found from ; 



11 the lower branch n 



y beeiprcasedby: 



[., = 



The aDgle of lag of this currenl from E may be found from; 



:eling I,,,) 



Consulting figure 42, page 142. 0, is the angle ot lag of the current vector 
I, (aloDK OB) behind the applied pressure vector E (OA). The vector 
AB rcpreaents the reactive pressure 2ir/I,,I, which is at right angles with 
R,I,i mid the triangle OBA is therefore inscribed in a semicircle whose 
diameter is E (OA). Eis (he hypotenuse of the right triangle OBA. 

The tangent of tf>, is the side opposite <i>„ divided by the side adjacent 

, , 2ir/L, I, 

lo«,;ortan*,= -^. 

The numerical value of R,I, divided by the numerical value of R, mill 
give the numerical value of the current I,; which might be greater (numeri- 
cally) than RJ/ if R, is ksi than unily, that is leas than one ohm. In the 
GLgure the current vector I, is shown longer than the vector R,I,. This is 
also true of other current vectors in the same diagram and is adopted tor 
coavenienee and eleamess. 

lo the same diagram, 0„ is the angle of lag of the current vector I„ 
{along OC) behind the applied pressure E (OA). The vector AC repre- 
senta the reactive pressure, 2iif\,„\„; is at right angles with R„I,„ and the 
right triangle OCA is inscribed in the semicircle whose diameter E is the 
hypotenuse OA of the right triangle OCA, 

The tangent of i;6„ is the side opposite ip^, {AC = 2«/L„I„) divided by 
the side adjacent to i„; (OC = R„ I„). 

^ . . 2,r/L„I,, . 2ir/L„ 

Ortan*„= -^ ; ^^ -^ 

The current vector I,, is obtained by dividing R„I„ by R„. 

If the two coils were similar; R,= R„ and L, = L,„ then i^, would be 
equal to ^„, I, would be equal to I„ and I,+1„=I, In this cased becomes 0. 

It is evident further, that ^„ might be larger than i^,; in which case the 
»n(3e ff would be the di^n-cnre between ^„ and^,. 

The vector resultant, (I) of I, and I„ is denoted by the line OD. 

The resultant current (1) in the main line is expressed by: 

I = VI,*+I„''+21,[„ cobS in which is the angle between I, and I„; 
see figure 42. The angle 9 is equal to 0, — 0„. (9 is also equal to angle 
Q+ajigle (3.) 



(Canceling I, 



The value, i. 
found from: 



( AU&-iialing-Currents. 
degrees, ot the angle (<fi„+a) of lag of I from E 




I, 



19.1 



2IXI„ 

From the evaluation of the above, after substituting the values ol the I 
VBiioUB currenta, the angle corrraponding with the numerical value of the I 
coaine thus found, may be obtained from tables of natural trigonometrical | 
functions. Then the lag of I behind ¥,'iat=4>„+cc. 

It is evident that by the same method, the value, in degrees, of the angle 
P mav be found, from which; 

If the letter Z is used lo denole impedance, and V to denote admittance, 



I, 



■ EY,; 



Substituting these values in the equation for I, gives: 
Since it is true that : 



then; EY = Ev'Y,^+V,;'+2Y,y„i 
or Y = v'Y,^ + Y„''4-2Y,Y„c 
This proves that the j'oiiU admittance or the fquivalenl admitlanet d. 
impedances connected together in parallel, is the vectorial sum of the tit 
tances of the individual impedivnces, and that the angle between a 
taoces is the same as the angle between corresponding c 
Consult page 14:1, This fact is ot very great importance, aa it forms & 
for the plotting and the evaluation of component c 

The foregoing 
taaces i'lporalfc;. 






1. The value of each branch current may be found. 
The angle between the two branch currents may be found. 
The rcsullani of the two currenls.may be found. 




inalysis shows two methods of finding the r 
iu a divided circuit consiBtii^ of n 
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The angle between the resultant current and the applied pressure may be 
fouod; all according to laws applying to the resultant at two forces, (as in 
"Meehanics") involving trigonometricaJ relations. 

2. The numerical value of each impedance may be found. 

The reciprocal of each impedance gives the admittance of each branch. 

The angle between the admittances is found as with the currents. 

The residlanl of the admittances is found (vectorially). 

The value of the resultant adtnittonce multiplied by the applied pressure 
gives the numerical value of the resultant or main line nirrent. 

The anftle between the EQUIVALENT ADMITTANCE and the 
applied pressure Is the same as the angle between the resultant 
current and the applied pressure. 

Referring again to figure 43, page 142 it will be noted that the resultant 
current vector inlersects the semicircle at point F. The vector OF may 
be denoted by RI. The numerical value of RI (or OF) may be foimd 
from: RI = E cos *. 

It is evident that R = -r cos ^. R may be termed the A. C* equivalent 

rtsistance of the two branch circiiita or of the two impedances. 
The vector AF, denotes the A. C, equivalent reactive pressure) and 
2ir/LI = Esin*; 
from which 2i/L = -sin ^. 

2x/L denotes the equivalent reactance of the two branch circuits or of 
tbe two impedances which are connected together in parallel. 

This means that a single (oil having an inductance denoted by L and a 
rewstance denolcd by R, could replace the two coils mentioned, aUoning 
tbe resultant current I to obtain. 

In. solving alternating-current problems involving the various connoc- 
' tiCiiis of re«stancee, inductances and capacities, and the corresponding 
lelatioss of the various "vector" quantirics, it will be found advantageous 
to draw figures such as are indicated infigures 41 and 42 p^e 142, aflbdng 
to the proper piortions of each dia^am the known values of the various 
quantities involved. Such diagrams serve lo effect a comprehensive 
ins^tat that can be realized in no other way. To illustrate the fundamental 
relationship of the various quantities, it is not necessary to draw such pre- 
liminary diagrams to exact scale. Too much dependence should not be 
placed upon results which arc measured on scale diagrams. Under certain 
conditions diagrams cannot furnish accurate numerical results as will be 
indicated later. 



L 
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PARALLEL ARRANGEMENTS. 

EXAMPLE 38; Suppose a non-Inductive resistance of 65 ohms 
is connected in parallel with an inductive resistance of 5 ohms and 
jTj henry, and a sine-pressure of 110 volts (effective) at 60 cycles is 
applied to the terminals of the arrangement; find the current 
in the main line and its phase angle referred to the applied pressure. 



GIVEN DATA. 

E = 110 Tolla(e(Teclive value) 
/=60 cycles. 
R, — Sohnia. 
L, =T%iienry. 
R„=65ohms. 

Computed Data. 

I, = 1 . 45 amperes tj>, - 86"1S 



The current in the inductive branch 
may be denoted by I, and the rurrent 
in the non-indaetive branch by I ,. 



no 



1, =i.f 



V25+5685,16 27r/=377 OeepagoMS.) 

-fj^ -1.45AMPERES, 2f/L,=75.4. 
|- =Jb!^=1.69AMPERES. *-* 



The current I, lags beliiad the applied pressure at an angle which may. 
be designated by ^,, and 

tan ,(.,= 5^^=1^=15.08: trorawhich 

0,=86'' 12'. cos 86° 12'-0, 06627. 

The current I„ is in phase with the applied pressure E. The an|^ 
between I, and I„ is therefore Se' 12'. 

The resultant current in the main line ie expressed by; 



= VI/+I„--|-2I, I„c 



= ->/!. 45* + 1.6B' 
=2.29 amperes. 



1.45 X 1.60 X 0,06627. 



The angle of lag of the resultant line current I behind the applied 
pressure E may be found from the application of the trigonometricil 
Qciple stated on page 29. 
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Letting ^ demote the angle between the resultant current and the 
applied pressure then: 



= 1.031S from which 



PROBLEM SS: If a noH-indiictive resistance of 100 ohma is connected 
in parallel withan inductive reaiManceof lOohmt and 1 henr]/,and anA.C. 
presiure of 151 voUa at 80 cycles is applied to (Ac lerminaU of the arrange- 
ment; find Ikemaximumcalue of the current in the main line.and its phase 
angle, in degrees, referred to the applied pressure. 

Iqibi='' *1 ampere. ^^^TS" ^'Answer. 

Problem 3Sa: Suppose a non-inductive resist&nce of 50 ohmB is 
connected in pajallel \nth aji inductive resistance of 21 ohms and -^ henry, 
' an alternating-pressure of 110 volts at 60 cycles is applied to the ter- 
minals of the arrangement ; find the current in the main line, and its phase 
ingle, in degrees, referred to the applied pressure. 

Problem 3Bb: Suppose a non-inductive reastance of 65 ohma, is 
connected in parallel with an inductive resistance of 5 ohms and ^^ hemy, 
and a sine-pressure of 110 volts, (effective) at 25 cycles is appUed to the 
terminals of the arrangement; find the current in the main line and it^ 
phase angle with reference to the applied pressure. 



Problem 38c: Plot the results of 

Jtor diagram, showing all preaaure and 

I inch = 10 volts and 1 inch = 2 amperea. 
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PARALLEL SERIES ARRANGEMENTS OF INDUCTIVE AND 
NON-INDUCTIVE RESISTANCES. 

EXAMPLE 39: Construct a vector diagram, to scale, showing 
the pressure and current relations In an arrangement as Indicated 
by figure 43, having values as there stated. 



GIVEN DATA. 

E = 110volta. 
/=60 cycles. 

L.,=-^ henry. 
R, =65 ohms. 

R,„=3ohm8. 
L„=^ henry. 
Ri, = 77ohmB. 



] 




FIG. 43. 

The current in the branch ABG may 
be denoted bf Ig, the current in the branch 
ADG by In and the rf«ultant of these two 
currents (the current in the main line), by I, 

Since I is the vectorial resultant of Ib 
and Ip, it will be necessary to find the numeri- 
cal values of I^. Id, and the angle between 
them. This angle may be denoted by 6. 



Computed Data. 

2x/-3r7. 



The numerical value of Iq may be found from: 

110 ^ 110 

°" V(65-|-5)'+(377X^)^ V 4900+5685. 16 
=A^¥- 1.07 Ampere. 

beliind the applied pressure B 

8 = 47° 8', 




Examjilea in Alt€'''ii>ling-f.'nrrf:iUii, 
The prPBSiirp cotiiponpiit beliveea A aiid B is 
B., Ib- 65 X 1.07 = 69.55 VolW. 
T!ie prefigure component betiveen B and G ia 
IbvR,' + (2»/L,j'' = 1.07v25+7u1''-1'07X75,S 
The Diunerical value of Iq may be found from : 

110 no 




V'(77+3)* + (377XiVj' V6400+H21 29 
=^1^ - 1.24 Amperes. 
The angle of lag 0Q of Ip behind the applied pressure E is found from: 

= 25' 14'. 
e component between A and D is 
R,,lD=77X1.24=95.48Volt8. 
The prMBure component between D and C is 
lDVR:J'+l2rfL„f' 1-24V9 +3777* 
= 1 24V1430.29 
= 1 24 X 37.8 
=46.87 Volts. 
The angle 9. between Ib and Ip is =(47° 8'-25° 14') -21" 54'. 

coh21''54' =0.92784. 
Hie resultant or main line current is found from: 

I - viB^+io'+auiDcose. 

vr07'' + r24'+2XI, 07X1. 24X0.92784. 
= 2. 26 Amperes. 




The results are abown plotted to b 
showing the pressure vectors and (bj 



ale in figure 44 (a) and {b); (a) 
a enlarged diagram showing the 



The angle of lap * of the cii 
be found by first finding the valu 



2 Id I 



rent I behind the applied pressure E re 
! of from; 



= 0.98135; from whieh^ = 11° 5' 



Therefore, * = (*d+)3)= 36° 19'. 

The angle a in figure 44 b could have been fouud; from which 

il> = tj>^—a; which would serve as a check. 
For interpretation of different Ij-pes of arrow heads employed, consult I 
page 1S3. 

PROBLEM 39: Given non-iWue/ift reiialancet and induetiM i 
Bislances arranged a» indicoUd in figwe43, page 4S, bu( ftownc IhefoU 
valuea: R, =5 ohim, L, = ^ henry, R„ = ^ ohms. R,„=3 ohms, L,„~y| 
heiity, Bj,= li? ohms; and the applied pressure E = fifl voltt at 






'. Check vll Mtaes wUh a diagram draUl 



Ib = 1.21 AMPERE, 
I = 1,74.\MPERE, 
R„rB=54. 67 VOLTS, 
R„Id=107. 25 VOLTS, 



1bv R;'-K2^/l7=9 1-85 VOLTS.- 1 
IdVr:7,= +[2,/L,j'= 3.51 VOLtj 



Phaseof I behindE = (34''3r'+l''26')=36*3'. 

Problem 39a". Compute the values and construct a. vector diagrad 
to scale, letting 1 inch denote 10 volts, given ihe arrangement a 
AMPLE 39, using all values there given except the frequency. Change ' 
frequency to 25'''«-'. The separate current diagram may be dra 
scale of I inch to denote j ampere. 
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PROBLEM 39b: Compute the tallies and construct a vector diagram 
to scale, showing the relations of the various pressures and currents in an ar- 
rangement as shown in figure 43, page \^S,with the numerical values as given 
in PROBLEM 39 y except the frequency; change this to 25 cycles. 

Ib = 1 .433 ampere. 0b =24° 10' cos ^=0.97417. 

Id = 1 349 ampere. 0d = 11° 7' 

I = 2 . 76 amperes. 6 = 13° 3' Answer. 



FUNDAMENTAL CONSIDERATIONS OF CAPACITY. 

Capacity of a Condenser. The electric eupocity of a conductor is 
deftDod fui the rutin of it8 electrical charge to its potential, when so situated 
as to be uninflutnced by its environments; or in other worils when all other 
conductors near it are at zero potential. Potential as here referred to, 
means the electrictj pressure in absolule static unila, above zero. 

Capacity may then be eiip'^sBed by symbols as: — 

C = — ; in which equationCdenotea the capacity, expressed in practical 

units; denotes the quantity of electricity, in coulombs, and V denotes 
the difference in potential in voltfi. 

From the above equation it is evident that Q = CV and V = ^ , and 

further that the capacity of a condenser is a to at 

Stated in words, the numerical value of he ele n a) capacity of a 
conductor, in practical units, is tlie number of coulombs of electricity 
necessary to raise its potential, or Its electrical pressure, from zero to 
one volt. 

The practical unit of capacity is called the farad, and the letter C de- 
notes capacity in farads when used in equations in this book; unless other- 
wise st-ated. In ordinary engineering practice, the farad ia too large a 
unit for convenience, therefore a Bub-multiple of it is used, called the micro- 
farad. One microfarad ^ ]flfli(n;n = .000001 of one farad. 

A condenser may be said to have unit capacity, in any system of units, 
if unit quantity of electricity supplied to it increases the pressure between 
its terminals one unit. 

The element of time does not enter into the coaaideralion; the electrical 
quantity (coulombs) may be supplied during yJtt of a second, or during 
100 years. 

As defined above it might appear that there is no limit to the amount of 
electricity (coulombs) that may be put onto an insulated conductor. The 
limitation la, however, when the pressure, indicated by V, becomes great 
enough to pimcture the dielectric surrounding the conductor, causing a 
"spark discharge"; during which phenomenon, the charge on the conductor 
nearly or entirely disappears. 

The capacity of a continuous conductor Is Infinite. To illustrate 
this statement; suppose the ends of an insulated conductor be connected 
with the terminals of a battery; a certain current results; in other words 



Examjitea in Alleriuding-Curreiits. 

an quantity of electricity is coulombs, passes a pven point on the 
|~caimectinK nire every second, onto the conductor, but the potential of 
■onductor in this case does not continue to iiicrease. 
.'.- fonsideratioii has an important beating in relatiou to the generaJ 
:iun tor the current in any circuit, when an altemating-preasure 18 
apj.'Li.-(i to the circuit; namely to:- — 



Vr"+(2A-b^)"' 




ii4uch IB ^plicable when there is a. resistance, an inductance and a capacity 
connected together in geritt, as indicated in figure 47. Suppose that one 
poutive terminal C or plate of the condenser comes into contact with a 
negative plate, as by closing the switch S. The capacity of the olrcuit now 
ifinite; or in the above equation, the denominator of the last term 
under the radical, containing C, becomes infinite, and the wtiole term 
The equation then appears as; 



I ' 



Vr'+(2t/L)' 



; which applies to a 



t eoutuining only 



and inductance. The condenser is short circuited in this ease; 
which amounts to removing the condenser from the circuit. 

CapBClty of a Coadenaer in Terms of its Dimensions. The capacity 
in abflolut* units, of a metal sphere, situated in air, and removed from the 
influence of external electric fields, b numerically equal to its radius; the 
length of the radius being expressed in cenlimeters. This results from the 
fact that the potential of the sphere is: 






V Q 



where r denotes the radius of the s 
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Let flgure 48 denote, in cross section, two isolated, insulated, and eon- 
centiic metallic spheres, separated by an sir ^ace, one insulated from the 
earth by being suspended by a. silk thread, S; while the outer sphere le ia 
good metallic connection with the earth; the radii of tbe two spheres being 
r and r, and one sphere having a certain amount of positive charge ivhile 
the other has an equal negative charge induced upon it, as indicated. 

The potential at the center O due to the outer charge ia expressed by 
— f,' while the potential at the center O, due lo the inner charge is expressed 
by J* The resuUant potential at the center is the sum of the two potentials 



_Q Q 



-, Irom which isobtained: 







tlien(;= ^ = -^ ; or very nearly = -'— 

FIG. IS. 

The distance, t, between the spheres is very small compared with the 

radius r, so that r and r„ are very nearly equal, and C = — is therefore 

very nearly correct. 
The following relation must then hold. 

(7= — — {multiply both numerator and denominator by 4ir) 

But 4irr^ e:qireeses the area of the inner sphere in terms of its radius. 
Denoting this area by A then 

C— — , eleetrostatie units. 

If the size of the spheres is increased until r (and rj becomes infinite, 
while the distance between the two spheres is not ishanged, the surfaces 
of the spheres become planes and the last expression will denote the capacity 
of two paraUeJpIafes, separated adistancet; the area of one plate being A. 



tf there IB a medimu otiier tlian nir bplweea the two plates, whose fpecifio 
} mdviciive capacity, instead of bring I as tor air, haa a diffwcnt value, which 
"•aj- be denotwl by k, then the capacity may be expreasetl by 

f'=^ T- X - (Uclro^lalic unila. 

SiDce ihe practical unit. ibe farad, is equivateut to 9X10^' electro-static 
units of capacity, ihe Renoral expression for the capacity of any condenser 
becomes: — 

IN FARADS. 



" 4irtx9X10" 
k A 



; IN FARADS. 

; IN FARADS. 



1 . 13097 X 10"t 

= OOQ0O0OOOOOO0S84 - 
t 

Since a niici'g(arad=^-.5^^,innj of a farad the above becomes 

= ,0O0OO0O8S4'~; IN MICROF.\RADS; when the area 

A is expreeacd in aqtiare rmiUmelers and t is expressed in renlivifttra. The 
capacity may be expressed in terms o( inches by inlToduiiing the rplation 
of the Englisli lo the metric system of units as follows:— 

C - .O0OOO0OS84 ?:i399 ^ in microfarads. 
2_53S9 t 

= .000000221- k; in inicrofaraiU; in which A denotes 

»quaTt: inches, imd I denotes distance between the plates, in inches. 

Since the dieleclrie usually employed between the plates, in making 
condenBtTE, is very thin, t is conveniently expressed in mUa or thausarttllM 
of an inch; jf n plates are used, the common working equation for capacity 
is obtained by dividing the last equation by 1000, and multiplying it by 
n. giving; 

C-. 000224— k; IN MICROFARADS. 

In which the area-A^ of one plato or of one aide of the dielectric, ia expressed 
in tguare inches and the tliickness t, of the dieUj.irio is expressed in miUj 
n denotes the number of insulating plates or the number oj dielwlric sheets 
employed. Two platt* of conductors will necessitate one sheet of dielec- 
tric: three conductor plates, two sheets of dielectric, etc. 

The (^jplicalion of the last equation in practice will be explained in the 
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EXAMPLE 41 : A condenser consists of 2113 plates of tin-foU. 
each plate 10 inchesX12 Inches: separated by crown glass plates 
•^j^ of an inch thick. Find the capacity of the condenser, in 

C = . 000226 — k microfarads , DATA. 

-.000225 ^ ; ^^ 6,96 A-10"X12" = 120 sq." 

k-6.96 for crown glaaa. 
t=-i'j^-150n!ils. 
n =202 sheets of dielectric. 

One farad ia equal to 1,000,000 microfarads. 

PROBLEM 41: Find the number of sheets of paTaffined paper .015 of 
an inch thick, thai leiU he required to make a condenser using tin foil plates 
G inches long and SO inches vnde, that sliall have a eapaeily of 3. S3 micros 
farads. 947 plates. Answer. 

PROBLEM ila: Find the capadiy, expressed in microfarads, of a 
eondensnT made up of 12 brass or copper plates, 0x10 inches, separated, in 
air, a distance of i inch. .00324 mf. Answer. 

Problem 41b: Suppose a condenser is mode of metal ptatea 6 inches 

wide and that overlap each other 10 inches, with dielectric of crown glass 
J-ineh thick, and nilh one set of plates as B figure 4'J arranged to be 
puHed out away from the A set. 



FIG. 4«. 

Find the decrease in the capacitj- of the arrangement if the B s 
moved from ita initial position a distance of 1 inch. 

Problem 41a and Problem 41b have a direct apphcation to wireless 
egraph condenaers, for the aending circuit. 



Atteaiion is direvl«d to the fact, that the dieleutrio strength of on in- 
eulaior and the spwifie inductive capadiy of the same, are verj' different. 
The dielectric sirwigtli means the resistance offered by the maleriiil of the 
insulator tri puncture; when the material is placed between needle points 
and very high pressures applied. 

Specific inductive capacity means the increase (or decrease in case of 
vai'uura and alcohol) in capacity of two or more metallic plates, when 
insulating material other than air is placed between them. 

As indicated in the table of specific inductive capacities, below, it 
Bint glass is placed between two metallic plates their capacity will be 9.9 
times as much as when the glaaa is removed and air in between the plates; 
the distance between the plates being unchanged. 

Those desiring to construct condensers, that shall have definite capacities, 
according to the ec|uation oa pa^e lo5, will find the following table ot 
specific inductive capacities of considerable value. 

TABLE OF SPECIFIC INDUCTIVE CAPACITY OF DIELECTRICS. 



Hj-drogen , 0,9997 

Vacuum ' 0,9994 

Elhy! Alcohol 33,65 

Castor OU 4.7 

Colza OU 3.1 

Olive Oil 3.1 

Crude Petroleum 2.07 

Vaseline 2 . 17 

Flint glass having density of i.5 9.9 

Crown glass having density of 2,485 B.96 

Plate glass 3.31 U 

ParafSn 2.2 

Paraflined paper ' 2.2 

Rosin 2.5 

Rock Salt 18. 

Shellac 3.2 

Bees Wax 4.1 

Ebonite 3.8 



Exaiiii'l<^! in .\ 

While the resistaace or a tondeuBer ia commonly spokm of Ss inJiniU, 
thia is not strickly true. Tho resistance of even a good dielectric such ai 
is used in conatrucling coadensere, must bavp some finite value. The 
reMstance however is so great it 13 expressed in megoliinB. 




PHASE RELATION OF 



I 



FIG. SO. 



CURRENT OF A CONDENSER. 

The fact that the reaistanee o£ 
the dielectric of a condmser is teas 
than ftD infinite value really' eetuh- 
lishes the phase relation of the 
eharging current as less than 90° i 
in advance of the pressure applied J 
lo the terminals of a condenstc. | 
The actual condition, may be illiu 
traicd by figure 50 in ivhich thtfS 
vector E denotes tlic applied pressure E; while I denotes the eurrenlj 
I in thi? wires leading to the condenser. The current I may be consider 
as made up of two components at right angles with one another; one q 
which, denoted by I,, is in phase with the applied pressure E; while t 
other denoted by 1„ is perpendicular to E. 

Thenl''=l,^+I„^ IE I, b in phase with E, then I; = ^ ; in which 

R denotes the true resstance of the condenser in megohms. Obviously 

withl/^lj. Further;I„ = 2x/CE. and !,/= C2»-/CE)=. Therefor 



I'=^2 + (2t/CE)=. 
The current may be expressed as; 



The applied pressure, denoted by E is usually not of great magottue 
say about 110 volts, ao that E* ia 12100. , The resistance of the conden 
ia however verj' great; usually e.vpressed in megohms; millions of ohi 
Even though the resistance of a condenser is only one megohm, 1,000,01 
ohms, this number squared is fery large compared with 12100. In gtiavt 

it is obvious thai — j ia verff tmall, and may be neglected in relation vi 
(2it/CE)^, so that the current may be e.xpresaed as; 

I=-v'(2T/CE)'=2ir/CE; for nil practical piujiosea. 



The componenl I, which is in phsts^ with llie applitHJ pressure, represeals 
the energy component of Che total current : tlm power in besting the con- 
denser being exprresed by El,; or hy RI,-. The component I„=2ir/CE 
represent a wattless component; being (veclorially) perpendicular to the 
applied pressure E. 



. the greater 



The greater the value o[ ihe enei^ component at the currei 
the power loss due lo henting the dielectric o{ the condenser. 

If $ denotes the angle (of lead) between the resultant current I and the 
applied pressure E, the tangent of 4 may be expressed as; 

tan = ^ - ^-^- = 2i/CR; from which it is erident. 

h K 

since R ie very large numerically, ihat tlie numerical value of the angle 
(^ is very neuly 00°, and tor all praclieal purposes is considered to be 90°. 




Examples in Altemating-CurrenU. 



CURRENT IN CONDENSERS. 



EXAMPLE 42: Find the effective value of the 
perea, in a condenser having a capacity of 10 microfarads, (.00001 
fHrnd) if a pressure (effective) of 110 volta at .IJO cycles is applied to 
its terminals. 



:e may be expressed by ; 



DATA. 

= 110V011B, 



/ = 60 cyclts. 
c =Ttnr(nnnj 
'377xllOX ioa'(i°ooo ='**'^ ampere. Answer. =,00001 farad 



PROBLEM 4^: Find the efectiiie value of the current, in amperet, 
condenser htu-ing a eapacUy of 5 mierofarods (.000005 farad) if a preuvn. 
oj 110 volla, eSe^tive value, i» applied to the terminals oj the aindenser. Tin 
frequenry oj the pressure being SO cyclea. I =0.207 amperes. Answer. 



Problem 42a: Find the effective value of the current 
a condenser having a capacity of 1(K) microfarads, if an A. C. pressure rf 
110 volla effective value at 60 cycles, is applied to the terminals of t^, 
condenser. 

PROBLEM 4Sb: Find the current in the condenser in EXAMPLE 

'laing a frequency qf S-5 cycles in place oj GO eyelet. Other values as staled. 

1=0.086 ampere, (effective). 



Problem '42c: Find the nwrimum value of the current under 
conditions mentioned in EXAMPLE 42, ossuoung the applied pt( 
e pressure. 
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EXAMPLE 43: Compute the energy In the charge of a condenaer 
whose capacity is 100 microfarads, when the pressure between its 
terminals la 110 volts. 

GIVEN DATA. 

3-i CE^-i .0001X12100 C = 100 mf9=.O001 farad. 

-0.605 joule; or watt-seeond. E = 110 volt.'i. 

Compute the number of coulombs in (he condenser mentioned in example 
43, n-hen charged as stated. 

GIVEN DATA. 

, ,Q^ , ,. , J =0.605 joule. 

J = i^ ; from which „ 

'C ' C= ,0001 farad. 



Q = ^210 = v'2 X . 605 X . 0001 
— .011 coulomb. 

PROBLEM 43: Compute the energy of the charge in a eondeiiser whose 
capatity is 2 microfarads, when the pressure between its terminals is 220 imlla. 
J = .0484 Joule or watt-second. Answer. 

Problem 43a; Find the value of the capacity of a condenBer (in 
farads or in microfarads) in order that there is one coulomb of electricity in 
it when the pressure between its terminals is 110 volta, 

PROBLEM 43b: Compute the Kumber o] coulombs in the condenser 
menlioned in problem 43 when charged as staled. 



O = v'2JC = v'2X-0484X. 000002 = V. 000000193(3 = .00044 coulomb. 

Attention may be directed to the fact that by increasing the pressure 
applied to a condenser, the necessary capacity of the condenser may be 
decreased for any desired storage of energy; or of current in the connecting 
wires leading to the condenser. Advantage is often taken of this fact in 
practice, to reduce the coat of condensers used in phase-splitters, bj' using 
so-called autotranstonnera that increase the line pressure a considerable 
amount. In such cases the dielectric used in the condensers must be of 
such quality as to withstand increased liability of being punctured due to 
the increased applied pressure from the autotranaformers. 

I 






eX^WlPLE 44: If the sine- curve E. M. F. applied to the terminal! 
of a condenser be changed from + UV) to — 104 volts, in 7^ of 
second, and the capacity of the condenser is 0.2 microfarads, what 
Is the average rate of current flow during the timef How much 
energy, expressed In joules. Is stored In the condenser at the end 
of y^Ti second? 

DATA. 

Sinee the alternaiing-prcssure changes EmH =104 volts. 
from one majdmum (positive) to anoiier / =125 cycles, 

majtimum (nexv nt^aiive) inj-J^ct one C =0.2iiifB. 

second Ihe periodic liine T of one com- = , 0000062 farad. 

pletccvclpis3f(i = .008=-f^jof oncsc«on<!. 2»/=785-4 (for/=125 

The frequency is t =/ = 12.5 cycles per 
second. 

e of the current is expressed by: 

= E„„ X 2r/C. 



Im 



The value of 2ir/for/=125 cycles may be found on page 210. 
The mosimum viJue of the current is therefore: 

'miii = 10'lX783.4X. 0000002=0.5063 ampere. 
If the current is a dne-i'urrent, and i\e maximum value is 0. 5063 ampeMg 
ita average value is 636(1X0.5063=0,322 ampere. 
CobBUlt pjtfft 01 tor avrngfl vnlue of a Bina.anrve. 

The numerical value of the pressure ai the end of yttb st'cond after ihc 
beginning of a positive lobe is 104 volts. 
The energy, in joules, ia ^cpresBcd by: 



J = 1E*C 

-jX104*X.0000062-.0335J joules. ( 



arli-) 



This energy is stored during .002 second. II it is assumed that t 
condenser ia charged twice during each complete cycle, the rate of storac 
u'ill be .06706 joules per second; a small quantity when considered i 
terms of foot-pounds.' 

The current in the wires leading to a condenser, when the condenser i 
being charged (and discharged) from alternating-current miui . _ _^^ 
upon the frequency of the applied pressure. The greater the frequency t]]} 
larger the current in any given condenser; assuming tlie applied p^e 
is constant for all fretpieneies. 



•CoDBUlt pBKe ( 






PROBLEM U: If Ihc stiie-curve pressure applied to the termtnala o/ a 
eondenwr be changed from + 10^ la — 104 uoll» in ^kv °f " seawid, and thg 
eapaeitff 0} the condenser is ft". ,' m/s., ivhat is the average nerrerU dining thia 
\ intevat! 0.154 ampere. Answer. 



Problem Ua; PIol a curve, Xxt scnlo, showing the variation in cur- 
rent in a eondenaer having a capacity o( 10 microfarada, it a constttnl A. C. 
pressure of 100 volts (effeciivc value) is applied lo the terminals of tlie 
condenser; the frequency of the pressure varying from 15 to 125 cycles. 
Plot points for each increment of 10 cycles. Le< 1 inch denote -^ ampere, 
and 1 inch denote 10 cycles. 



Biarnpks in AUernaling~Currenta. 



EFFECT OF CAPACITY ON INSTANTANEOUS VALUES. 



EXAMPLE 45: Find the inatantaneDUS value of the current, 
in amperes, 7.71 seconds after applying a sine-wave pressure of 110 
volts effective, at 60 cycles per second, to the terminals of at 
rangement consisting of a non-inductive resistance of 100 ohms 
connected in series with a condenser whose capacity Is 25 micro- 

DATA. 

TheinBtantaneoUHValueisex- E =110 volts (effective), 

pressed by: — Em„ -155.5 volts. 

C =25 mffl. .000035 farads, 
R=100ohma. 
( = 7.71 seconds. 

2„f =376.99 or 377 very nearly. 

2«-/( =925.2 r or 1.2.r = 216°. 
(See pace 39.) 



■vR- + (-Bfe)"' 



To find the angle of lead <i> 



4=46°42' (approximately). The current leads the pressure by 46° 43'.. 
Substituting the proper values in the general equation gives:- 

--^^ X sin (262° 42') 
-1.065 X - sin {262" 42' -180°) 
- -1.065 sin 82" 42'= -1.065 X 0. 
= —1.056 amperes. Answer. 

PROBLEM 4S: Whal mil be the imtantaneoui value oj the c 
the drcuit mentioned in example i5 if the effective value of the pressure ill 
doubled; all other valuei remaining the samel —2.112 amperes. Answer. 




ExampUa in AllemaUng-Currents. 



165 



Problem 45a: Fiad inBtantaneoas value of ourrpnt in example 45 
if the frequency is changed to25'"'"; all other values remaining unchanged. 

In the case cited in example 45, the angle between the pressure Emu 
and the horizontal datum is 27r/(=216° as shown in figure 51. Here the 
vector OA denotes Eoii„ = 155,5 volts, and the vector OB drawn of such 
length as to denote the maKiraum value of the current, is located 46° 42' 
in advance of OA (£„.»). The equation really e^xpresses tlic fact that the 
preesure ia to be referred to the horizontal datum, and the current referred 
to the pressure. 




c what coadition will make i 
only variable in the second member ia 
The greatest value a sine may have is 1, Therefore when the 
sin (2itfl+iP) = 1, i is a maximum; this occurs when 
(2t/(+0)=9O'', 270°, or any congruent' values. 
For (27r/(+i^)=270°, a nt^alivo maximum results, and I 
for other corresponding congruent values. 

•Sw pnge 5D. 





MAXIMUM CURRENT VALUES. 

EXAMPLE 46: Find the maiimum value of the current, 
pressed in amperes, assuming it to be a sine-wave in form, s 
lime after the application of the pressure, In a circuit wliose ca- 
pacity ia -nrtMn^TT farad, and wliose resistance is 1(J ohms, when an 
alternating E. M. F., whose effective value is 110 volts, at tU) cycles 
per- second, la applied to the terminals of the circuit. Find the 
phase angle of the current, referred to the applied pressure. State' 
whether the angle is one of "lag" or one of "lead". 

DATA. 

iB Eeo=110volt8. E„„ = 155.54volta. 

/ = 60 cycles. 



Then 
expreaswi by; 



= 1.17 ampere. Answer. _1 



■- .0000070302 
=2500000000 



If (> tfenotea the angle between the current and the applied pressure Itien] 

tan* = - r-4nr - -.002653 X 50000 X ^ 

= -13.2(1000 from which is obtained: 
= ~S5° 41', and is un angle of lead. 

The ohmic-component of the current ia 85° 41' in advance of the result! 
applied preEsiire. In reality one component of the applied preseure 
be in phase with the ohniiocomponeiit of current. 

PROBLEM i6: Fvid Ike maximum valw qf tlie current, eiprfswd i 
amperes, aaBmning all condiliona as in example 4^ except the freqiieney; vA'^ 
assume (o he £5 cycles per second. Wtiat is the ixUue oj the imptttanee f 
example 4Sf 0.488 amperes. Anawar. 

Problem 46a: Find the numerical values of (he impedance, read 
anee, admittance, susceplaniie and conductance, in EXAMPLE 46 and I 
Problem 46. 

Problem 46b: Plot ihe residts given in EXAMPLE 46; adopting 
scale of 1 inch = 10 volls, and 1 inch = } ampere. 



ExmiiiiUa in AUeriiaUns-Ciirrenls. 

EXAMPLE 47: An altemaiiag sine-wave pressure having a max- 
imum value of 100 volts at tiO cycles la applied to a series circuit, 
having a resistance ot 120 ohma, an Inductance of 1 henry and a 
capacity of 25 microfarads. Find the (effen^tive) value of the current, 
in amperes, in the circuit, and its phase angle with reference to the 
applied pressure. 

GIVEN DATA. 



The equation applj-ing 


ie: 




E„„ -100 volts, 
/ =60 eyeies. 
R = 120 ohms. 


100 


-^)" 


R^ = 14400. 
L=l henry. 

C =25 mfs. 


\'l44O0+733m.ii 


= 000025 farad 








COMPUTED DATA. 


100 

V8778I5.8 






2wfL =377. 
2ir/C = .009425. 


-*V!. 






^-™-'- 


=0.337 Rinpere. 

Ub = . 0337X0.70711 

=0.238 ampere. 


, Answer. 


(2./L- 





To find thp iingle between the current, and the applied pressure:- 

,„*.?!faS^.i.^..,,23.,„. 

= 66' 7' and 'm an angle ot Itig, 



ically greater than - 



tract'mg, their dii^erence is positive. If - 



I any case ia greater tj 



2t/L, then the tangent will be negative and the angle will be an angle of 



m 




lead. This is further illustrated i 






which the value 



u 



2,/C| 

and 27r/L are shown plotted to sralc. In plotting the results of this « 
ample the reElstonce R = 120 ohaie is taken as the hurizontal datum as : 
customary, and the line OB is drawn of proper length to denote 130;,J 
from the point B the line BD is drawn perpendicular to OB and of propet I 
length to denote 2ir/L = 377; from thei>oint D a distance is measured doimi^l 

tcard along DB to denote —j- ; then AB will denote 2t/L - r-^ aad it Q| 

and Abe connected by a line, then OA will represent v'R'+C2t^- jj^)*^ 
according to the principle of the "Pythagorean Theorem". 

^ Bide opp. ^ 27r/L~2ife 
side adj. R 

figure it may be seen it DA shouldbelongerthanDB then OA will tall 6< 
the horizontal datum, the current vector 1 would "fea<i"the preMure Vi 
(along OAj, and the angle would be ualled on angle oj lead. 

PROBLEM 47; An allenmling sine-iuaw pressare, haiiiitg an effect 
valve oJ 70. y voUi at So ■"^ ia appliiut to a cireuil, haimga re»islaiice tif IX 
okms, an inductance of I henry and a capacity o} .0O0OS5 farad: find it 
eStclive value of the current, in amperes, and its phase angle referred to tt 
applied pressure ai datum. 0.456 amperes. 



In the triangle DBA, the t: 
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Problem 47a: Find the numerical value of X, Y, Z, 6, and g; that 

is, respectively: — reactance, admittance, impedance, susceptance, and 
conductance in example 47 and problem 47. 



Reactance, X = 



''^-Wcl 



= Z sin = 



Impedance, Z = \/R -fX 
Admittance, Y = — = 



Z VR^+X^ 

X 

Susceptance, 6 = -^ ~ ^ ^^^ ^ = 

Conductance, g— t^—^ cos = 



r 



EXAMPLE 48: Given two condensers having reepective capaci- 
ties of !0 and 20 microfarads; find their combined capacit}' when 
connected together in aeries, and when connected together In 
paiallel. 



DATA. 

= 10 mimitariuii 
»2()microfariiiiB, 



The combined capacity of two or more condr'n- 
Bcrs may easily be computed by rememboiin^ it 
is to be foimd in a maimer exactly oppo^ile lo the 
computing of the joint or equivaleat resistance 
of two or more resietances in "direct-currents". 



Wlien two condensers are connecled logother in parallel they really 
constitute one condenser, having a number of plates e<]UuI to the ) 
the number of plates in the separate condenHera. 

When condenseTB are connected together in paralUi, their combined 
capacity is equal to the sum of the capacities of tJie individual condenscn; 
corresponding to resistances In scries. The combined capacity of tiie ti 
^ven condensers is 10+20 ^30 mfs. Ansner. 

When two or more condensers are connected togetlier in series, o 
baving a capacity denoted by C, and another having a. capacity donot 
by C„, their combined capacity will be denoted by; 



PROBLEM iS: FinJ Ihc combined . 
condensers, having respedively 1, ^ arid 3 i 
amnecttd together in seriea and when all a 
C,C„C,„ 



In 



^C = - 



io^ -6Iml8.Amwer. 

r e^uxdenl capacity of (I 
icrojamiit capanty when all 
e eonnecled together 

— = 0.6454 etc. mlcrofarai 



c„c„,+c,c„,+c,c,, 

In parallel C = 6 microfarads. Answer. 

Problem 48a: Find the combined capacity of four coodensera 
respectively, 1, 2, 3, and 4 microfarads when connected together in 
and also when connected together in parallel. 




EXAMPLE 49: Find the combined equivalent capacity of I 
arrangement sliown tn figure 53 witb the numerical values I 
given. 




First combine 3 and 4 (in parallel) (riving; 3+4 =7 niipiolarads. 
Then combine 7 and 2 (in series) glviog; -V = lS- = l.o5omffl. 
Next combine -J^ and 5 Un parallel) giving; ^+^=-^=6.55 mfa. 
Laat combine -i^ and 1 Cinseries) Eiving;-J^ = 0.367mta. 

PROBLEM 49; If in ftsure 53 the capacity hi-iwim A and D had been 
^ mf.; bettueen D and F 2 vijs.; between F ami B, 4 awl 1 mfg. respeclivetj/, 
and bflu/ffi D and B 3 nys., Ihe combined cajmcUy woubl }taix been 

0.31 mfs. Answer. 

Problem 49a! Given three condensers having respective capacities o( 
1, 2 and 3 microfarads, find all possible values of capacity, by employins 
the given condensers. 



172 ExQiiijiUi ill AUemalinQ-CiiTrenfa. 

EXAMPLE 50: If a consiani alternating- pressure of 100 volts, 
at 00 cycles, should be applied to the terminals of the arrangement 
shown In figure 53 find the numerical value. In volts, of the pressure 
between the terminals of each Individual capacity. 

The total or resultant current in this case will be eiq>re3sed by : 

I— 2x/CE; also I-Sf/C^E^d and dividing one by the other gjveB; 

1 = - ^fl^^ from which Ead= ^E 

From which Ead-0S67 X 100 -86.7volu. Anjwor. 

The pressure Eob between points D and B roust be 

100 — S6.7 - 13.3 volts. Answer. 

Current Ib- irfdViZ and 13= 2x/CaEDi:, and 

Ib _ 2.-/CsX 13.3 
la "2ir/C3XEDF' 

Bulla - 2»/CxEDBandIj-2T/CjEDB. 

_ 2T/CaEDB CbXU.3 , , . . 

Then ■',„°~"" = J J* ; from which 
2»/CxEdb CjXEnif 

Edf-^X 13.3 =^ X 13.3 = 10.34 volts. 

The pressure EpB - 13-3 - 10,34 = 2.96voIta. Answer. 

PROBLEM SO: If a constant preenire of 300 volts is applied to Uu 
tcrminaU of the arrangement tneniioned in probtem 4S, find Ike numfrieal 
I'alue of the pressure across each individual portion of the arrangement. 

Eao = 37S volts; Ei,B = 2l volts. 

Edf" 15 volts; EpB 1 6 volts. Answer. 

Problem 50a: If a constant pressure of 300 volts at 25 cycles is 
applied to the terminals of the arrangement shown in figure 53 page 171, 
find the numerical values of the pressures across each individual portion. 



Exanii^eii in AUerriarii'ii-f^'un-fiiLi. 

EXAMPLE 51: Given « coU having a resistance R of 10 ohmt, 
and a cgefflcient of Inductance L-^D.IS henry, connected In parallel 
with a condenser having a capacity of 10 microfarads. If a pressure 
of 110 volts at 60 cycles la applied to the terminals of the arrange- 
ment find the value of the main line current, in amperes, and its 
phase angle with reference to the applied pressure. 
DATA. 
E = llOvolt3- 
/=60'^ 

C -10 mts. -Tu a'ofl g '"^d. 
R„ - 10 ohms. 
L„ =0.18 henry, 
2ir/=377. 
2wfL„ =67.86 



FIG. S4. 

Figure 54 ahowa the arrangement of apparatus, and figure 55 it 
dio^am showing the relations of the applied pressure, and tlie c 
The ammeler denoted by I indicates the effective value, in amperes, 
of the main line current; while the ammeter denoted by I, indicates the 
effective value, in amperce, of the current in the condenser branch, and 
ammeter I„ indicat<^ the effective values in amperes of the current in 
the coil; or in the iTiduc/uie branch. 

The current in each branch circuit will be found first; with its phase 
relation with the appUed pressure, and the value of the reiulUint of the 
two branch currents will then be romputed and its phase relation with 
the ^)plicd pressure ascertiuned. 

The applied pressure E is common to both branches. 

The cuirent in the coil is expressed by: 




li 



i^[^-=*=--- 



E 



L 



numerical values the following is obtained: 
I,- 



Subatituting in thid equation, the proper 



V100+(377X0.18)' VlOO+(67.86>^ 



V'4704.9796 68.59 



The angle tfi, between I, and the applied pressure E ia obtained tiom: 

Therefore <P, - Sl° 37'. 
The current in the eoudcuser ia expressed by.: 
= 2^/CE. 

, 3T7 X 1 X 11" 



" i-^r 



iubslitmine >he proper niiinerioal va!ii«« 
in the equation will give: 



The angle iti,, bclw 
tM0„ = 



LT] I„ anil the applied pressure E is obtained rrom; 



Therefore <^„ = — 00° being an angle of kaj, thfl current I„ 
in advatiK gf E. 8ee figure 54. 

The angle between I, and I„ must, therefore be QO'+Sl" 37'- 171" 37* 
Bee figure 55. 

The resultant current, or the current, in the main line, is eitpressed 6 



■ VI,' + I J + 21, I 



IB 171° 37'. 



Substituting the proper numerical viilues in 
the forgoing equation gives: ^ 



DATA. 
l.'= .1713 



13 171° 37' = -0.98831 




"v'1.4207~I-19 ampere. This value is /esa than the value of 

as may be Been in figure 55, page 173, illustrating a case in which the 11 
current is less than a branch current. 

The angle of phase denoted by ^ in figure 55 between the bbboio 
datum of the applied pressure E and the main-fine current 1 ia found 
follows: The angle ff tvetween I and I„ is obt^ned from: 



-0.1 



I,,'— l/-r 2. 56-0 . 1713- 1. 4207 ^_ 0.968 
21,1 2X0,414X1 19 098532" 



The angle i^, the angle between the main tine current I and the appliw 
preeaure E aa indicated in figure 55 ia = S- *,= lOg" 19'- 90" - 78" !« 



FSOBLEM SI: If a enil hating a resistnttce oj 10 ohm* and a ea- 
rfkient of imtuclariee oj -^ tienry i» ainrifcled in puraUel taith « condenttr 
having a capacity 0} 2.6 mierojarads, and a jireuure of 104 coICa at 60 
cycles M applied (o the terminaU 0] the arrangement, like figure 54, page 173, 
compute the value of the main lim current, in amperca, and ascertain itt 
phiuc angle relalii'e (i> the apjAied prcmiire. 0.983 ampere. Answer. 



Problem 31a: Given a coil having a rcsislancc of 100 ohms and a 
coeffit^mt of inductance of 10 henrya, connecwd in parallel v/ith. a cod- 
denser having a capacity of j^g- microFarod. Compute Ihe value of tiio 
main line current, in amperts. oiid find its phase angle with reference to 
the applied pressure, if a prcasui'e of 110 volts at 60 cycles is applied to 
the arrangement. 

Problem 51b: If the frequency of Ihe appbed pressure in exam- 
ple 50 page 172 is changed to 25 cycles, find the numerical value of tha 
miun line currenl, in amperes, and its phase with reference to the applied 
pressure. Other data as given. 

Problem 51c: Solve problem 50 page 172, changing the frequency 
to 15 cycles. All othtt data as given. 



Problem 91d: Solve problem oOa, page 1 
lo 125 cycles. Other data as given. 



2, changing the frequency 



Problem 51e: Draw a vector diagram to scale of I inchvlQ volts 
and 1 inch =\ Hmpere, sho^-iug the relation of the currents and the various 
pressure components in probltni 50a.piige 172. 
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TO COMPUTE CURRENT IN ANY ARRANGEMENT. 



Under the ordinary conditions of constant pressure or constant potential 
mipply, the common and practical problems are to find the ctirrent or 
currents in given single inductive circuits or in any iirrangeiaent of in- 
ductive, non-indueiive, and eondensive circuits. 

By "any arrangement" is meant that the imluctinces, resistances and 
capacities may be connected with one another either in ^luple series 
connections, in multiple, or that two or more series arrai^ementa may 
be connected together in parallel, and in addition may be connect^ 'u 
series with other rcaistant^s, inductances and capacities. 

Figure 56, page 177, is a diagraiuatic representation of a simple si 
arrangement; figure 58. page 179 denotes a parallel arrangement of ti 
tiame three portions, while figure69, pagel95, isa representation o 
complex arrangejnejit of several resistances, inductances and capacities. 

While the examples and the problems given here under the 6iBen 
arrangements may refer to simple resistances, inductances and ca 
aa such, one should not lose sight of the fact they really represent p 
conditions, as useful operative devices or apparatus, such as i 
transformers, wireless telegraph devices, induction coils, tranaoi 
lines and generators. 

To make the discussion and explanation of the various arrangemen 
easily comprehended, the arrangements will be discussed in tl 
coniplexity; using the same single portions in as many arrangements ■ 
possible, beginning with the series arrangement. 
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Examples in AUeniating-Currents. HV 

EXAMPLE 52: Suppose a coil having a reBistance of 10 ohma 
and a coefficient of inductance L^-;^ henry, a condenser bavlnft 
a capacity of 100 microfarads (- 1)00100 fiuiul} and a non-lnductlve 
resistance of to ohms are all connected together in series, and 
a sine-pressure of IHt volts at liO cycles is applied to the terminals 
of the complete arrangement; find the numerical value of the 
current in the circuit, and the numerical values and the phase 
relations of the component pressures existing between the ter- 
minals of each separate portion together with their phase angles 
relative to the applied pressure of 110 volts. 



Figure 56 illusirates the arrangement of the 
several portions, and figure 57 ahowa the relation 
of the various vector quantities. 
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FIG. 56. 

The current in the circuit may be expressed by . 



GIVEN DATA. 

E- 110 volts. 
/-GO cycles. 
R " 10 ohms. R, 

L=Ti|jlienry. 
C-lOOmfs. =.0001 
farads. 



10 



V{R+R^)'+{2,fL'^)^ 



V'(lO+10f-|-(37.7- 




rrent and the applied pressure may be found 
a^/L-j^ , 37.7-26,5 



R+Ri. 

From which i^ —29° 15' 
The pressure component across the i 
- RI - 10 X 4.S = 48 volts, a 



n phase with the current. 



Examples in AUemating-Cur 

The preaaure oomponent aorosa the ioductive portion is 

WRt? + (^wfO" - 39.0 X 4.8 = 187.2 voltfl, and the ui^' 
between it and thecurrciU 19 found from: 



i^i-^^-W-sn 



FVom which ^» 75" 9'. 

The presflure component acroaa the cupat^itj' section is = 
.bV?T = 48x26. 5 = 127.3 volts, and its phiae an) 



2x/C 

from: 

From which ^(;= 



" 2>r/CxO " °° 
90°; &a angle of lead. 



A pfrfor diagram drawn to acaIe,showing thepreBaurecomponeotaandl 
applied pressure is given in figure 57; in which OB denol*s RI =48 vol 
BA denotes the pressure (between the tenniimla of the inductive portJm 

the circuit) Iv'R'+C2t/L)'; AD denotes the pressure — i- _ betwem 

temuoala of the condengor; BF denotes the ohmic pressure - compone 
of the inductive portion expressed by Ri.1, and AF denotes the real 
pressure-component (of the jnductive portion) expressed by 2ir/LI. 
The arithmetic sum of £». Ei. and Eo ta; 48+187.24-127.3=363. 

more thanthiee times their vectorial resultant of 110 volts. 





£/" 



EXAMPLE S2a: Suppose a coil having a restsiance of 10 ohms 
and a coefficient of Inductance L = ^^ henry, a non-inductive resis- 
tance of to ohms, and a condenser having a capacity of 10*) m.fs. 
(~ 000100 fnriuis) are all connected logettier in parallel, and a 
pressure of 110 volts at fiO cycles is applied to the arrangement] 
find the nuinericnl value of the current in the main line supplying 
(he arrangement, the numerical values of the various component 
currents, and their phase relation (o the applied pressure. 

GIVEN DATA. 
E -nOvolla. 
/ =60 cycles. 
R = 10 ohms. R,, = 10 ohins. 

C =100iiifs, = (HIOl fwad. 



The cnrreht in the non-inductive 
Ifn phase with the applied pressure. 

The current in the inductive sectio 

The angle between tl 

lan^L— ^^^— = 3.77, irnd^L- 



Fipire 5S shows I 
wrrangeineiit. 



-A/VWM 



ction is=-^^»'2.8 amperes, 
t and the applied presaiire ia found from 
)°9'. 



The current in the capnrity sc'uiion is = 2jr/CE =^Tji^i~ " ■^■l 
s, aud leads the applii^d pressure hy 90°; or <tic='—^0°- 

The resulttml or miiin line punent, 1, mny t 
Ibe found by finding the vectorial reitidlanl of *\ 

*he tlitee mrrenls just obtnined; or by thf tr— ~ 
method outlined on page 144. Each method \ 
k check on tlie other. 

The vector diagram of currents is shown 
Agure 50. By the method of projections, using 4 
the q>pHed pressure line as thi' X sjm and the 
'-Cftpactty current line as the Y axis, the following 
'3s true; 
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Examples in Alternating-Currents. 



X projections. 




Y projections. 




Ir cos 0° 


11.00 


Ir sin 0° 


0.00 


II cos 75° 9' = 


.71 


II sin 75** 9' = 


2.71 


Ic cos — 90" = 


0.00 


Icsin-90'' = 


-4.1 



Sum of the X projections = 11.71 Sum of the Y projections = — 1 . 39 



From which; I = VI 1.71*" +( — 1.39)^= 11. 79 amperes. Answer. 

and tan =it.tt= —0.118; therefore 0= -6° 47'; showing that the re- 
sultant current leads the applied pressure, at an angle of 6° 47'. 

It may be noted that the sum of the three currents is 17.9 while their 
vectorial resultant is onlv 11 . 79. 
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EXAMPLE 52b: If a coil having a resistance of 10 ohms aad a 
coefficient ot inductaneeL = Yg henry, Is connected in parallel with 
a condenser having a capacity of 100 mfs.; the two connected in 
aeries with a non-inductive resistance of 10 ohms, and a pressure 
of 110 volts at 60 cycles is applied to the ternilnLiIs of the arrange- 
ment, find the nutnerical value of the current in the main supplying 
the arrangement and Its phase relation with the applied pressure. 
GIVEN DATA. 

EF<;=110voltS. 

/=60 cycles. 
R-lOohms; Ri. = 10 ohms. 

C = U« mfs. = ,0001 farad. 
COMPUTED DATA. 
2./= 377 
2^/1=37.7. 
-i- = , 002652 (S«p»e«209.) 
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FtG. M. 

Fipire 60 shows ihe arrangement of 
;he apparatus and figure 61 shows the 
sector relation of the various preaaurca, 
LsandndmittAnees. 




1S2 ExampUa in Ahrmating-Currfnli. 

The current in the indudiive. brwiph will be denoted by II; the curreM 
in the condenser by Ic. and ibc resultanl i-urrent (the eiirrent in tiie 
non-inductive portion) by I. 

The pressure component Eac between A and G figure 60 ia commoo 
to both the inductive' branch and the branch containing [lie capacity, 
Th(i current l|. multiplied by the impedance of the inductive portion, 
will pve the numerical value of Eag- Also the current l^ multiplied 
by the impedance of the capacity brooch will give the uumerieal viilue 
of Eac. This means that 

Eag = lW^^+{2.fLf= l^yfA^JJ^ . 

The untorlunttte tact of the matter is that both the component curreo 
and Eag are unknown. It is in order then to find the value rither of t 



component currctila; of their restillant, or of V,\a< 

It ia to be obBerved that ihe applied prwaure Epo lius at Icuat t' 
components; E^c &xd Ep^ ( — Itl> which must combine v*eloriaily. 

It would facilitate the inathematieal processes to find if poB^ble, I 
pr(««ons for Eag >uid Ep^ ii lernia of those quantities whose riUtt 
are known or easily found. 

The joint, admittance of the inductive and condonaer portions, mul- 
tiplied by the pressure component Eag will ^ve the resulltuii ciiitMit, 
I, which is in phase with Ihe non-induetive portion FA. 

The joint admittance Y of the induciive porlion iind the condenser, 
may be found oafollowG; 

Le'iinp Y], denote the niMiHniicc of Ihe inductive portion, and 

Yc denote the admittance of the condenslve portion, Ibim 



V = VYt.- + yc"+2Yi.Yc cos(«t+*c) '" "■'"''•' *!■ ''«'«"*' 
the angle between Ej^c and Ij, and ^c denotes tile noule between E*o 

From which *i, = 75° 9',and*c = — !*0°. 

Therefore ((>L+i))c = lli5° y, and .w Wi^' V = — (J.WtMiO; being lb* 
■ -eof U° 51' Willi a negaiivc sign. 



T)ie DummcEil ralueof V id round by substituting 



-2ir/C = -,0377; giving; 

i'+.O377*-2X.O256X.O377>((-O.06HQ) 
-0.0145217. 
In order to maki' more iulelligpble the fundamental principles govern- 
ing problems oE Ihi« naluri.', the following method of procedure ia outlined- 
A short dtndy of this particular example, will show how to apply the 
different equations given, in solving problems of a airoilar nature, in a 

It is not essential nor Deocssftry thnt the vxrious vectors or lines in the 
diagrum shown in figure Gl have nuinerkal values assigned to them in 
discussing the various trigonometrical relations of the various portions 
of the diagram. While the diagram in figure 31 is drawn to scale, no 
regard will be paid to this at present. 

Having found the numerical values of the admittances Yl, Yc and Y and 
fif the aoglos ipz and <^c Viith the line AG ciiosen as horizontal datum, the 
imofnitudes and directions of the adi>iiiltnnces may be properly represented 
BS shown. It is seen that the angular rdalion of the admittances is the 
lAe ea the angular relation of the corresponding currpnis. 
The symbols shown in figure 62 will he adopted u 
Ihe vector diagrams, to render interpretation easior. 
The angle between the component pressure 
[MJ><l^ii<>'^ hy the horizontal line AG, and 
the oondenaer admittance is90'. Yc= — .'1377 I 

ja therefore drawn perpendicular to AG and ■ 

,ttadinff II by 90°. The angle betl^-een the com- 
k^Hinent pressure Eag and the admittance ol 
Jttie induet.ive branch is 75° 9', the vector de- 

the inductive admittance is drawn as Yi. = .025li and lagging J 
ijby 7B° 9'. It is evident thai angle a. the angle between Yf uiiJ Y tt 
'iMObt^ned from; 



FIG. bl. 



coea = 



1-Y^^Vl^ 



and that the value of angle j3 may be 



2YcY 

jfound Irom 90' — a. It is important to know the value of $ because ot 
itt trigonometricat relations with other quantities to be considered. In 
itiie given enample the numerical value of 8 is found to be 03° 19'. 



Examples in Alter niUing-Ciirrenls. 

It is important to note that the pressure between the CerminaU of the 
uon-inductive portion of the circuit ia in phase with the resultant currenl, 
imd should therefore be shown in line with Uie rnsultanl eurrent. vecto 
in the diagram The resultant current vector must also be in pha^ 
with the joint admittance veot-or as indicated. 

buppose the line AF denotes the pressure RI between the terminals of 
the non - inducti\e portion, assuming it to be of any arbitrary length 
« hatei er, if the hne AG is extended toward the left, and a perpendicular 
WF drawn to it from the point F, thefoUowing relations are true: 

WA -RI cos j3, and WF =RI sin j3. 

miile in the case under consideration the numerical values of the 
pressures Efa ^nd E^g ^e unknown, the relations just mentioned hold 
(rue, and from these relations Epx and Eag may be calcAilated. 

From the vector diagram it may be seen that 

FG^-WG^+WF^ WA=RIcoa^,an(lWF=Rlsini3. 
But FG denotes the applied pressure — Efg= 110 volta. 

ThenllO-v/WG'+WF''-V{WA+AG)HwP^ 

But AG denotes EacI the tmknown pressure component, and after 
making the proper aubstitutions the following results: 



110= VR*l' cos^ + 2Eac RI cos ^ + E,^g'+ R^I^ sin^ 

This may be simplified by remembering that Mn P+cos (J^^l, 

to; 110= VR'i'+2Eao'xRI cob jS+Eag' 

There are two unknowns in this equation, I and Eac 

It ia known however that I^EagY, and substituting this value in the 
last equation gives; 



IIO—VEag^Y^R^+SEag^YR cob ^+Eag^' *"hich may be expressed a 



UO-EagVY^R- + 2yR cos ;3 + 1 ; in which the numerical value rf J 
ill e^^ressed quantities arc known except E^c 



^^^^ ExampUii in Alteniaiing^urTenta. 

Solving for E^c gives; 

V Y*R* + 2 YR cos /3 + 1 ^^ 



lils-r ca^^^^^ 



Substituting the proper numerical values of ihe various quantities given; 

Bag = 102.61 volts. 

The numerical value of the resultant current is found from 

I-EAGy = 102.01X.01452-1.48 amperes, or nearly 1.49 amperes. 

Another mothod oE obtaining the numerical value of the reaiiltant 
current is as follows: 

Since the resultant current I = EjigY, is in phase with the pressure E^k 
between the terminalB of the non-inductive portion of the arrangement, 
EpA.=* KI — REagY. Substituting the proper nutaerical values gives; 

Efa = 10X102.Q1X.01452 = 14.87 volts. 

The resiiltaiH current, 1. is found from; 

I = - = '^ii"^ = 1.48 ampere. Answer. 

current and the appUcd pressure E, may be 
coa^^— ' ^'^^ " - '^'''t.'"'^''" =-0.5339; from which i^= 56° 24'; an 

angle of lead. The main Une current, leads the pressure applied to the 
arrangemenl by the angle stated. 

The important relations applying to cases similar to the one just ex- 
plained are given as follows ; 

Joint admittance Y = VYi,^+Yc'+ 2YlYcco8 |0i,+iji(;) 

Y'+Y^-Yl^ 



Pre^ure component brtwf(T) Iho ICTminala of the parallel portio 
Applieii preasure in volia 





-^*=^vYV + 2YRco.5+1 




Result ont p 


irreiii is equal to; 




Pressure co 


mpocent between i he terminals o( the r 
Ef*=RI=REagV. 


on- inductive portion IB 


Angle of lag of ttr resultant or raiun line curren 
pressure Epc is found from; 


t I behind r,he applied 




^ Eag'— EpJ^^— Ejro^ 





10 volt«l inuiednuce ! 
udmltUuiiHr of .01. 
The rrisnglo FAG Jf ii 



xUiHETUm Irgmirtiidi Sourest itRtnlucnl eaiiy, I incbdt 
lie neah: 1-3 iaeii dennlcd 1 nnqwrei and /t inch denol 



in paniag over ths footui pit.MuriM in a cluok-wi» ditettioa Hating »t point F, iho diiW- 

the ilitcction ol the muUiuit pnsnm veata FG will hr oppoaiiE to tiut ol the liirutlw 
al motion Brouni) ihc proHiin tiiuiBle. Th« tiianglo ol pKrdurr rcctots mrrespQiid' 
with a pglygon of Iocces in Merhnnic 

the bLdeIb point A which miirlil mnlte 
Efa aiiJ Eag- 

Problem 53b: Construct li vet'tor tiiagrain to scales given in example 
52b, showing rplations of pressures, currenis, and .admitlanees in aii 
arrangement as given in example 52b; wiih all values there given except 
the frequency; change this to 25 cycles. 



Efa = I'-53 »*"»■ 



i 



EtmniAfs in AUeniatiiig-Cu 






EXAMPLE 52c: If a coil having a resistance of 10 ohms and a 
^efficient of Inductance L = yV henry, la connected In parallel 
I non-inductive resistance of 10 ohms, the two connected 
lln series with a condenser having a capacity of 100 mfs., and a 
pressure of 110 volts at 60 cycles applied to the terminals of the 
ingement, find the numerical value of the current in the con- 
I densed portion, and its phase angle with reference to the applied 
^pressure. 
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GIVEN DATA. 

E = I10 volta. 
f=m iTclea. 

R-lOolmis; RL = 10ohni9. 
t"-^ henry. 
C = 100 mfs. = ,0001 farad. 
O 

Figure 03 shons the arraiigeineiit, and 
figure 64 shows the vector relation of the 
raiiouB pressures, currents and admittances, 
Xbe important data are tabitkli^d and when 
(Ooidinattd with the diagrams, according 
to the method outlined in example 51b, no 
kngthy esplanation is necesaarj-. 

In the vector diagram from which figure 

: is a reduced ropy, 1 inch denolpd 10 
roltg; impedances same scale; ! inch de- 
noted 1 ampere; 10 inches denoted 1 unit 
|tf admittance, or an admittance of .01 = ^S 
Inch. The different vector quantities arc 
^designated according to the symbols shown 

figure I 




ExampUa in AUernaling-Currenis. 

The admittaneeotthotion-induttive portion =0,1. 

The admittance of the inductive portion =.0256. 

The resultant admittance of the two portions in parallel is Y =0.1 

The admittance of the condenser portion = .0377. 

Therurreat IhIh the non-induetiwebraneh =3.858 amperes. 

The current It in the inductive branch =0.989 ampere. 

The resultoat current I = 4.22 amperea; being tJie current in 



the 



The uppUed pressure EpG== 110 volts at 60 cycles. 

The component pressure Eag=38.58 voIIb; preeaiu'e between A andG 

figure C3. 
The component pressure £^^ = 111-85 voits; pressure across condenser. 
The ohmic pressure component of the inductive portion is 

Eab"S-89 volts. 

The reactive pressure component of the inductive portion is 

Ebb= 37.28 voitB. 

Problem 52c! Construct a diagram to scales given in example 52c, 
ising all values there given except the frequency; change to 25 cycles. 



Problem 52d: If a condenser having a capacity of 100 mfs. ia con- 
nected in parallel with a non-inductive resistance of 10 ohma; the two 
couneoted in series n'ith a coil having a resistance of 10 ohms and a co- 
efficient of inductance L=^ henry, and a pressure of 110 volts at 60 
cycles appUed to the terminals of the arrangement, And the numerical 
value of the current in the main line supplying the arrangement, and its 
phase angle, with reference to the applied pressure. 

Figure 65 shows the arrangement of the different portions, and figure 66 
flhowB the vectorial rejations of the various currents, pressures and ad- 
mittances. 




GIVEN DATA. 

E =110 volts, 

/ =60 cycles. 

R =10ohmB;Ri,=10ol 

L -tV henry. 

C = 100 mfs. = .0001 tttTftd. 
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1 AUf^nMliiifi-CurTetits. 



Recapitulation: U will be veil to compare the cuirenta and tbe 



phase alleles pertaining i 
portions con^dered. 
AH in series; current 
All in parallel ; current 
Series-parallel orrange- 
caent; aoa-inductive resis- 
tance outside; current 

Series -parallel arraDge- 
ment; inductive resistance 
outside; current 

Series-parallel arrange- 
ment; condenser outside; 



the five different arrangemenlB of the three 



^ 4,8 amperes; angle of lag 
= 11.79 umpfTts; angleoflead 



1.4Sampi:rei angle of lead = — 56°24'. 



2.80 (iiiipcrta; angle of lag 



= 4,22 ampcrcj; angle of lead 




FIG. 



Note that the pressure applied to the nrrangenienl is in every caee 
llOTOlIaateOeydes. 

A eomparatiiit study of figures 61, fi4 and fW, in connection with the 
C(»Tesponding diagrams in figures 60, 63 and 65, will greatly assist in com- 
prehending the fundamental principles involved. 

Problem 52e: Construct a vector diagram, (using the same scales 
pven in example 52c) showing the relations of the various pressures, 
currents and admittances, using all values given in example 52d, except 
the frequency; change this to 25 cycles. 

Combination of Series and Parallel Arrangements. 
A large variety of conditions may be imposed in the presentation of 
problems to be solved, involving arrangemetils of inductive and non-induc- 
tive apparatus and condensers. Such conditions might be imposed that 
it would be difiicuh if not imposrible to solve for the currerU, either the 
resultant or the component values, without firsl solving for the equivalent 
admittance of the complete arrangement. To illustrate Ibis statement, 
the following example is given : 
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ExampUi in AUerjiating-Currenta, 



EXAMPLE 53: Find the current, in amperes, in the branch FA 
of a circuit as shown in figure 67 having values as there designated; 
the applied pressure Epc between F and G being 110 volts at If 
cycles, in place of 60 ''^ as given in the figure. 




GIVEN DATA. 

EpG-UO volts; /=25 cycles. 

R —10 ohms; non-inductive resistance, 

R, "65 ohms; non-induetive reastancp. 

R„ =5 ohma; I.„ = 0.2heiiry. 

Rjj =77 ohms; non-inductive rEsistance 

R|y =3 ohme; Liy=0.1 henry. 

2ir/ = 157; see page 208. 



I In figure 

V«to, 
Vpptor 



Examples in Alh'rFinthig-C'urre 
COMPUTED DATA. 



b 



Id figure 6 

FG denotes the applied pressun.', Epc'- 110 volts. 
Vector AG denotes the pressure Eag =SS.59 volta. 
Vector FA denotes the preasure Efa=22.26 volta. 
Vector AB denotes the ohmic pressure (R,+a„) Ib-80.o volts. 
Vector AD denotes the ohmic presaure {R,„+R[,)I[,— 86.4 volts. 
Vector BG denotes the reactive preasure 2ir/L„lB=36,ll volts. 
Vector DO denotes the reactive presaure 2t/LivId = 19-63 volts. 



Vector AM - R,„ +Ri„ = SO 
Vector AN=R,.+R„ -70 
Vector HM=2r/L„-3!.4 
VectQrKN=2x/+L,v = 15.7 
Vector AH = 7'i, 72 
Vector AK = SI. 52 



Current vw lor AP =1b==1. 15 amperes. 
Current vector AO=Id = 1.08 amperes. 
Current vector AT = I =2.22 amperes. 



In the vector diagram, of which figure 6S is a reproduction, one inch 
denoted 10 volts, and impedances were taken same scale; two inches de- 
noted one ampere, wiiile the scale of admittances was 100 inches = 1 unit of 
admittance. 

In lliis rosi; under the given conditions, it will be necesBary to find the 
numerical value of the equivaliml impedance or admittance, in order to find 
the resulting current. 

It will asfist greatly in becoming famiUar witii Eundamental principles 

to treat such a cose in the straight--forward and intelligible methods adopted 

in the treatmenl. ot forces in mechanics, and to faciUtale the comprehension 

I of this example the steps in the construction of the vector diagram will be 

explained conjointly with the mathematical process. 

Note the symbols applying tt> different quantities as per figure 62. page 1S3. 

The imprdanHe of branch ABG=Zb=71.7 plotted horiiontally as AH. 

The impedance of branch ADG = Zd-85.9 plotd^ horiaoutally as AK. 

The pressure component E^g denoted by vector AG, figure 68. is com- 
mon to both br.inches; but its niimeriral value is unknown. 



r 



Eiaiiiptes in All^matinu-CiirrenU. 
currcin Ib (vector AQ figure 08) in branch ABG is fouud 



tan 0B = " ^ " =-Vir* = 0.4485 from which 

tpB^ll"!'] plotted below the horizontal. 
The iotf angle ot current Ij, (vector AP figure 6S) in branch ABG is found 

tan *D= -J'"' - =W =0.4487 from which 

0D=24° 10'; also plott«J below the horizontal. 

The next step will be to find the numerical values of the adtniltancea of 
the two branches, and knowing that the angles between the admittiijice& 
is file same oe the angles between corrt^ponding currents, to Bnd the joint 
admittance of the two branches, 

The admittance of branch ABG = j- ^ Yb= .013034 

and is plotted to the scale 100 inches = 1 unit, along the line through A, 
making an angle of 24° 10' with the horizontal. 

The admittance of branch AUG = A = y^ = .0122Bfi 

and is plotted to the scale 100 inches = 1 unit, along the line through A, 
making an angle of 11° 7' (vith the horizontal. 

The ancle between the two admittances is (24° 10' — 11° 7') = 13° SVi 
and the resultant of Ihe two admittances is found from; 

Vbd = v'.0!3034^+.012266^+2x.013034X.0122lM5X.97417 
= .025136. 

Yb = -013034. cos 13° 3' -0.9T41J 

Yd = .012266. 

The angle a between the admittance of branch ADG and the reaultanl 
admittftoce is found from; 



L 



Yb -Yd -Y'^ 



= +0.99313; from which 



Eiarnjiks in Ahcmaling-Curn'ils. IflU 

Through point A a line (AK) extending to the left o( point A, of indefinite , 
length is drawn, making an angle of {it>a+a)= ll'7'+e°43' = 17° 50', 
vith the horizontiil, which will be des^ated as 0. The angle )3 ia an im- 

. portant angle in obtaining uertatn desirable values. 

It is now evident thai the.r«iu(ton( current; the vcrtorial resultant of 
1b and Ip, multiplied by the reBistanee of the branch FA will give the numer- 

' ical value oE the pressure between F and A; that the pressure must be de- 
noted along the line AK just drawn, and extending to the left of point A. 
Further it m known that if this pressure is denoted by a certain length 
along AK, that ijie pressure Eag between the points A aod G of the given 
circuit, must be denoted by n certain length from A along the horizontal 

* to the right of A, nnd that the line as FG eonnocting their outer ends muEl 
tepresent 110; the numerical value of the appUed preasiire. 
It will now be in order to establish some relation between the unknown 

'■ but desirable values, and those values which are known ; as follows : 



Efg = v'CWA+EagT+W? 



= VCWA^+SEagWA+Eag'+WfI 
But WA = EpA cos /J; WF = Efa sin Q, and Epc = 1 Id. 
Making theBesubatilutionsgiyca; <Paee ii) 

110 = v'EpA^ cos^ (3+2EagEfa cob 0-(-Eag"+Efa^ shi'/9. 
This may be pimpiified (by remembering that sin^ j3 + (!ob^|3 = 1.1 t 



110=Efav-2EagEfa cos ^-[-Eag-'+Efa' 
But Efa=' IR = YbdEag R; (ahice I = VEaoI 



Then 110 = V2Eag^ YbdR cos jS+Eag'^ + Ybi 



igv'Ybd'' R-+2YbdR cos (3 + 1 
o equations for the only unl;no«Ti; 



being a general equation applicable 

Ao any simiinT case, when 110 is replaced by EfgI which might have any 

atumetioa] value. 

' The angle denoted by is equal to 17° 50'. 

I Thenumericalvaluesof all quantitiea expressed in the right hand member 

at the laat equation ate known. 

Ybd=.026136; R = 10ohmacos (3-0.95195 5 = (0d+") =1I''7'+6'' 43'. 
|. Solving this equation, gives E^o =88.59 volti. 



Examples ill Atternating-Citrreiitt. 




With B. scale of 1 inch " 10 volte, this pressure may be laid oS on the hori- 
Bontal from point A; giving the vector AG. 

So far as the diagram is concerned; if compasaes are set with a distance 
of 11 inches between points, and one point placed al point G on the vector 
diagram, while the other compass point ia allowed 1o fall on the line FA. 
Ihe pressure vector Eir^ ia determined. 

To compute the aumeries] value of the pressure Efat proceed as follows; 



EpA = YbdBEac = 
Therefore the resultant curr 



D25136 X 10 X88.59 = 22.26 volts, 
it I, (which is in phase with Ep^) = ^^^ • 
2.22 amperes. Answer. 

By constmcting the seniicirclcB as shown in figure 68, page 190, the value 
of an equivalent reactive pressure ia denoted by GK; of an eqyiivalenl ohmic 
pressure by AK, and of the individual branch pressure components. 

This means that a single resistance and a single reactance each having 
the values designated, might replace the several other resistances and re- 
actances, permitting Ihe same resultant current to ojdst, with the Eame 
applied pressure and frequency , 

■ It may be noted that the product of the numerical valuer of Ib and AU, . 
gives the numerical value of the pressure line AG. and that the product ti 
Id and AK, gives the same caiue; since the pressure Eag is common to b 
branches. 

The smaller ciurent times the larger impedance ia Pijual to the lar 
current times the smaller impedance. 

FHOBLBM S3: Given an arraTigenutit consisting oj inductive and » 
inductive resistances, connected together as indicated in figure 67, potge iSk 
having vakits there stated. Compute the nuirugrical value and the j 
relation, relative to the applied presuure Epci "/ the reauUant or 



Problem 53a : Given an arrangement of inductive and non-inducb 

resistances as indicutcdinfigurc 67, page ISO, with numerical values as til 
stated, except the frequency. Change the frequency to 15 cycles 
the numerical value, and the phase' relation of the resultant or mail 
current, relative to the applied pressure Efq. 



Draw a vector diagram, 
there given, showing the vcmi icuuuud u. 
ponents, aud all impedances and admittances. 



indicated in figure fig, page ^uw, .•du^^ «. 
relations of all pressure and cun^nt c 



n Atlernatiiig-Ciirrents, 

EXAMPLE 54: Given an arrangement consisting of inductive 
and non-inductive resistanceB, and a condenser arranged as shown 
In figure 69, with numerical values as there Indicated, find the nu- 
merical value, in amperes, of the current 1 in the branch FA, and 



the phase relation of this 



^ith the applied pressure Epc 




GIVEN DATA. 

EpG -110 volis. 
/ =60 cycles. 

R =10 olims; R, = 10 ohms, 
R„ =10 ohms; R[. = 3 ohms. 
L =-jlfl- henry; C = 100inf3.=-j-]j-,^^nj f*'''"^' 
It ia not possible in this case to find at once the value and the phase rela- 
tions of the branch currents, since the pressure component between A and 
G is not known. It will therefore be necessary either to find the equivalent 
impedance or admittance of the complete circuitfiratjfromwhich the value 
of the current in FA oa weE as the branch currents may be computed; or to 
find the numerical value of the presaure between AG, and of the preaeure 
between FA, and from these find the value of the current in the non-indur- 
tive branch FA. 

Let Ig denote the current in the branch ABG. 

Let Id denote the current in the branch ADG. 

Let I denot-e the current in the portion FA; (main line current.) 

The impedance of the branch ABG is expressed by: 

Zb = V(R,-|-Rl)'+(2x/L)^ 
And by substituting in (his expression the proper 

Vies -I- 1421.29; from whii^h the value 39.87 is obtained, 



^^^Jhe current Iq ~ - 




- = -\^' =^ 2.9, from which 



Exampkt in AUemating-Currenlt, 

The aogle of kg of the current Is, in the branch ABG, behind th« 
prctaiiTe applied to the branch, (denoted by E^c) niay be denoted by 4>b ^nd 
is found from: 

,„, ♦.. Jat, 

^ R,+Rl 

^B-™- 59'. The COS *B= 0.32557 

0B denotes an ongle of log, and Ib is behind ihe pressure eoniponent 
Eag at an angle of 70° 59'. 

Theadmittftnoeof this branch is; ¥»= =^ = tb.st =.025332. 

P ' " 

The conductiince of thia branch is ; go = - 

The sUBceptance of this branch ia; bg" —^ = il in' . jg =-023700. 

The impedance triangle applying to the branch ABC is shown by the 
triangle AMJ in figure 70, page 197. 

Tlie impedance of the branch ADG is expressed by: 

uid by substituting the proper n 



"TBW.ST —.008174. 



Zd=-\/r„"h 



2.fcl 



values, {vl00+26,o'), the value 28,34 is obtained. Tlie square of t 
reciprocal of — > is given on page 100. 



I.1U1 VD 2.r/CR„ 377X-nr*UTnFXJ0 

Therefore ^d = — C9° 20' (to nearest minule) which 
Id is ahead of Bag u> phase relation. 



Id and the pressure Eaq is obtained!] 

-W5^=-2.e5. 



Examples in AUcTnatifig-CurreiUs. 



The admittance al this branch m; Td= =- = j^'ar^-CSSSE. 
The conductance of thia branch is; gD= ^^-^ — sirs.iVfT^-'^l^iM. 
The susceplance of this branch ih; bj,- -^ =-5^^^^ =.03301, 

The foregoing results have been plotted to scale in fipire 70 which ia a 
diagram of impedances, reaiBlances, ruaetances, admittances, presaiires and 
currents. 

For convoniencp the prcaaure (Eaq) between A and G is taken as hori- 
zontal datum, and denoted by the line AG, aa Is done in prewpding examptee. 

If it is desired that the resultjiat ar iiaia line current be Btnpldyod ss the horiK 
diitutn the figure mw he hi held thai the veoior FA is horisonial; if die applied pre 
is desired 09 bonsontiil liatum turn the iieure ae IhAtEpG is huriuntjil. The same 




Eiamplet in Altemating-CuTrentS. 

The current, Iq in the branch ABG will be in phase with the line A& 
(leootlag the ohmic pressure component oS E^oi which lags (Bag) AG bf 
on angle of 70° 59'. 

In the vector diagram, figure 70, AM =R, +Ri.= 10+3 = 13 ohme. 

The react ive-preasure-component of this branch is denoted by the lint 
BG. 

Tlie impedance of the branch ABG ie denoted by the line AJ. 

Tiiia inipedimce multiplied by the current Ir wUl give the compoQent 
Eaq of the applied pressure. The component Eag bmng denoted by thC' 
line AG. 

likewise in the same vector diagram, AN =R„ = 10 ohma; 

The reactive preaaure-component of the branch ADG is denoted by tb^ 
line op. 

Theimpedanceotthebranch ADG is denoted by theUne AK. 

This impedance multiplied by the current Id will also give the component 
Eao (denoted by the line AGJ ot the applied pressure, E^q. 

The admittance Yg of the branch ABG is denoted by the line AP. 

The admittance Yd of the branch ADG is denoted by the line AO- 

The joint admittance Ybd of 'be two branches is denoted in magnitude; 
and phase relation, by the line AS. 

The Tciultanl current (of Ib and Id) is numerically equal to the produa 
of the joint admittance Ybd and the component preaaure Eaq. 

In the examples and problems treating of different arrangements of ia 
ductive, non-inductive resistances and capacities, explained in preceding 
pages, the lotal admittance may be found from the relation. 

1=E Y(; in which Y( denotea the total admittance of the eompletA' 
arrangement, E the pressure, in volts, appUed to the arrangement, i 
I the total or reaultont current, in amperes, in the main line feeding tbe<' 
arrangement. 

From the above equation it ia evident that; 



I . 



the value of the applied pressure is usually given, and tha 



value of the resultant current is computed. 

The foregoing fundamental principles are appUcable in experimental 
investigationa, as well as in practical engineering work, and should bo 
very carefully considered and studied with reference to their useful i^pU* 
cations. In very many cases the discussion presented in connection wift. 
the examples and problems helps to answer the question "whj/T' The 
application of the principles discuBsed in the preceding text will be eKi 
plmned in the following examples ~atid problems in thia book and in Oxit 
examples and problems cf Volume 11. 




.■Ukriiituis-Currenli. ID9 

PROBLEM S4: Given an arrangement contittinn o] iiuiucUve and non- 
ijtduetwereiisianees,andaea>ulcn»cr,arTan{;BdaaahDiiminfigwe69, page 195 
arilh valuei llwre gwen except the frequency wkick thould be changed lo Sd 
cgcUs. With this diange, find the nvmerical vabte, in amperes, 0} the cur- 
rent /, in ike branch FA, and il* phase relation with Ihe appUcd pressure, 
denoted by E^j. Piol a diagram, an in figure 70, wiing scalti as there 
staled, thawing the numerical vatuea, ami phase relatione, of all preaauTc and 
evrrent eotnponcnli. 

Problem 54a: Given an arrangement consialing of inductive twd 
DOD'iniluvtive resist ancee, and a condena^r, umuiged as shown in figure 69, 
witli values there given except the frequency, which should be changed to 
15 cycles. With this chimge, find the numerical value, in amperes, of 
the resultant or main line current, and plot a vector diagram, using the 
scales given for figure 70, showing the numerical values and the phase rela- 
tions of the various pressure and currect components. 



Whenever a circuit contains capacity and inductance, either connected 
in series or in parallel, there is always the possibility of producing "reao- 

If the different portions designated are connected together in series, and 
an altemating-prcsaure applied to the terminals of the sjrangement, the 
expression for the altemating-eurreat in the circuit is; 



'" V»-+(2,/l.-^)" • 
e noted that when 



^ whiehistheejtpressionforohm's law aa in directrcurreat engineering. 

Considering the expression 2ir/L ^, it may be seen that if / is kept 

2,/C 

constant, while L is varied, then C muBt be varied inversely compared 
with the variation in L in order that the value of the whole expresMon r*- M 

t - 1 




On the other hand assuming given values for L and C; 
and ID microfarads, giving; 



iU'J- 



1 



'iUrf 



100000 



Hhfh, 

very high frequencies caiia 



then as the frequency decreases, the less the value of the 

, .,, .. , 100000 
mpared with the l(Tin ^ 

thei 

numerical value of 2itf, in the general equation, page 109. 

Somewhere between the two estreme values of these terms there n ^^ 
be some value of/ that will cause the numerical value of 2t/L to becoml 



equn! to the numerical value of _- 



; , for any given values of L and i 



For esample; in the given case, where L = 1.01 henry, and C = yTn^(nn 
farad, in order that 2TtfL shall equal ■ .— what must be the value of C? 



lis case 2!r/= 
1 which/ : 



10,000,000 .8^ 10,000,000 ^ 100,000 
2ir/ X 101 "''•' 4x' X 101 ' 4i''xi.01 

v'100,000 1 V100,00Q _ , 



axXVLOl 2.r Vl.Ol 
Again considering the exprcesion; 2ir/L — - 



:; assuming given 



values for L and C it may be proved by substituting numerical values fta, 
that when the value of / is greater than 50 cycles, the value of 2rfL 1 

greater than the value of ;—j^ ; while a value of / Usa than 50 cydo 

will make the value of 2»/L less than the value of 
Whenever the values of the 



2r/C' 

quantities are such that the numen< 



obtain in any curcuit. 




n AUernaling-Currenle. 



if reaoQanco I 



II is neceesary to give careful consideration to the matter of ti 
in cal(!i]lations pertaining to proposed new transmisaion linea. If after 
adopting a certain size of wire and given, spacing of the wires, the calcula- 
tions of the capacity and inductance (L) show that the- value of 2jr/L 



for the given line* is equal to - 



• of the same line, / being the pro- I 



posed frequency ot the applied or generator pressure, then, the apaeing of 
the wires may be changed in order that the relative values of L and C may 
be changed, bo that the condition of resonance no longer obtains. It the 
conditions for resonance obtain when an inductive portion of a circuit is 
in teries with a eondensive portion, than very great pressures (pressure 
component) are maint^ained between the terminals of the inductive portion, 
and the terminals of the eondensive portion, which tends to break down or 
puncture the insulation of the conductors. If resonanee obtains when an 
inductive portion ia in parallel with a capacity then a very large current 
exiats in the circuit, tendii^ to melt the conductors. 

It is evident that at least two undc^rable features attend the conditioa 
of resonance; excessive presisure or excesaive current. 

One desirable feature of resonance is unity power factor. Power factor 
is discussed on page 127. 

When the power factor of a circuit is unity, the cosine of the an^e be- 
tween the pressure and current must be 1; or the angle of lag (or lead) 
must be 0°. 

^ 2.A-- 

2t/C ' 
In other words since the tangent of the angle of lag (or lead) if 
angle of lag (or lead) is zero, and its wsine becomes unity. 



When 2t/L ' 



—^S£ becomes equal t( 



B 121. "See Vol. 11. 



Example* in Altm-nating-CurTenU. 

EXAMPLE 56: Find the necessary inductance, In henrj's, 19 
produce resonance io a circuit containing a resistance of 10 ohmiri, 
in series witli a condenser having a capacity of 2^ microfarads, 9 
the frequency of the applied pressure is 100 cycles per second. 

DATA. 

The condition for complete resonance / = UK) cycles per second;' 

is expressed by : /• = 10000 

r,\, ^ 1 'c = . 0000026 farad. 

"""■' 2t/C ■ 4x^=39.4784. 



in which L denotes the coeilicicnt of inductance of the coil, expressed i) 
henrys, and C the capacity of the condenser expressed in./orods, while, 
denotes the frequency of the applied pressure in cycles per second. 



Solving for L gives; 



394784 X 



After substiluling numerical values gives 



■■ 0.975 henry. Answer. 



PROBLEM 56: Finil the indurlantv, in henrys, necfssary (. 
reeoimnce in the circuit tnenlioned in example 56 if the frequency it changat 
to GO cycles ptr second. 0.3518 henrys. Answer 

Coiualt Ubie, ptge 208, 

Problem 56a; Find the inductance in henrys neceasary to produi 
resonance in a circuit consisting of a resistance of ; ^f, ^ ohm, connects 
in series with a condenser havii^ a capacity of YTTtns ndcrof arad, if the fr 
([uency of the applied pressure is 20,000 cycles per second. 

Problem 56b: Find the inductance in henrj's necessary to prodw 
resonance in the circuit mentioned in problem 58a if the frequency 
changed lo 200,000 cycles per second. 

Problem 56c; Compute the current in amperes in a cir 
of a coil having a resistance R = 1 ohm and a coefficient of inductanoa 
L = 2.026 henrys, if connected in series with a condenser having a c^aci^ 
C = 20 microfarads, when an A. C. pressure of 110 volts at 25 cyclf 
second is applied to the arrangement. 




Problem 56d: Draw a curve, to scale, on section paper, showing the 
variation of current in a, circuit consiBting of a coil having a resistance R 
of 5 ohms, and a variable inductance L (L bdng made variable by moving 
an iron core in or out) connected in series with a condenser having a fixed 
capacity C of 20 microfarads, when & constant A. C. pressure of 110 volts 
at a frequency/ = 25 -"v^ is applied to the terminals of the arrangement. 

Compute at least ten values for the current, one vulue being the mart- 



Assume values for L from J to 2j hcnri's. 

Plot values of L along the horizontal datum axis as abscissae and COr- 
reqKmding values of current, in amperes, vertically as ordinates. 



Exixmpks ill AUcrnaUng-CurrenU. 

EXAMPLE 57: Find the pressure, in volts, across the termlnali 
of the condenser mentioned in EXAMPLE 56, page 204, 
resonance occurs, if the applied pressure is IDD volts. 

Find the phase relation of the computed pressure with the a[K 
plied pressure. 

Find the phase relation of the computed pressure with the pres- 
sure across the Inductive portion of the circuit. 



The same curreni 
inductive portion, s 

The eurre-nt ia 



n the condensive portion of the c; 



□ Ch« 



i; I = Anr = l*' amperes. 

The current ic the inductive portion multiplipd by the inductive rv 
acttmce, will give the reactive pressure of this portion. 

The reactance of this portion=Xi,=C12.61. 

Thereaetivepreasure of theinduttiveportion = 10X612.61 =6126.1 

The pressure between the terminals of the condenaer ia 

ViOO' +612679^ = 6126.4 volts. Answer. 

The pressuie component of the applied pressure, across the 
portion, ia very nearly equal to the reactive pressure of tl 

The angle of lag <^l, between the main li 
juBt obtained is found from ; 



induQtiv» 
s portion. 

1 1, and the pressun' 



- 61.261 from which 



The numerical value of the pressure component between the tennioBll 
of the condenser, may be found by muitiplyiag the capacity reactanca. 



J. by the current of 10 amperes; giving very nearly the a 



for the inductive portion. The angle of lead ^o o^ t^e condenaer presaun 
component in advance of the applied preaaure of 100 volts ia found from; 



tan<iic= — 
a therefore ^ 



2;r/CR 

try nearly — 



QotiDc an tuicl« ol I« 



The angle belivei 



'kn in AlltTniiliiiy-t.'urrent9. 

two component pressures i; 
= 178° 8' very nearly. 



If Ei, denotes iho indURtive component while EC denotes the condenser 
component, tlie foUowing relation is true; 

E = 100 = vEt^+Ec"+ SElEcCosITS'S' ; 

by which the vulues may be cheeked with each other. 



PROBLEM 67: Compute the "reiotumce" frtq-uency oj 
■pratUTK, iwh that teken applied ti> the IfrminaU o] an arrangement CoritUling 
o/« coil havirii a coeffieicit oJ induclanre L — 0,72 henry, and a reeislance e} 
5 okmt, connected in serita uHlh a comknatr having a capacity of ^ aOBtO 
farad, ohnu law mil ofi/atn. 60 cycles. Answer. 

Problem 57a; Compute the oecessar^- reaonance frerguency required 
to retiliie the eooditions oF ohms law, in PROBLEM 57. provided the value 
of the capacity is reduced to lan'aon niicrufarad; all other values as stated- 



The value of i is tabpn a 


n in AUernaling-Cun-enia. 

TABLE I. 
s3, 14159. ^ = 0.15915. 


7^2 = .02527. 


Values of 
Frequency. 
/, in i:yclea 
per Second 


Correapond- 
■n£ Values of 

2,/ 


Correspond- 
ing Values of 


CkHTCspond- 

ingValuesof 

1 

2,/ 


Correa ponding 
Values of 

1 


I 


0, 28318 
3i:ll8W 


30.438 
086:688 


.1091 

:0397 
.0318 


:ii 1 

.0010837 


7 


so:aos44 


aB2e:o67 

aiOT 902 
3947.835 


:019S 


iS 


15 


aa.iuos 
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,0144 
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.0002003 

:00012934 . 
.OMim 


1 


113:00724 
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4 m:bs4 


S 


SoE 


21 
23 

is 
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1 38.22998 

1S7:0795B 
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.0075 
.0072 


.000057439 
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1 
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33 
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:0M9 
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1 
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4B 
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08638.311 
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s 


:00001OT7* 
.000013084 
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*S 


BE 
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.003S 

: 00,(1 8H 


.OOOOUOT 

■ 00001060* 
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^^ ^ 



ETiiiiipks in AlleTnaUng-Currenls. 

ITubl? 1. Conlin 



VaJuea of 


Correspond- 


Corresponding 


ngValueeof 


Values of 


Frequency. 


ing Values 


Values of 




/, in Cycles 
per Second. 


Oflrf 


(2./)^ = 4.=/^ 


J7f 


(1^' 
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.00313 


.UOOOO9T3860 












S3 


333:00§ 
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15U9.0eO 




.00000868007 


55 


345-S7B 
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sa 








.0000080772 


57 
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.0000077903 
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,0000008074 


63 
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64 
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.0000061840 
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.0000050953 


ad 
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87 
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5S 
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71 
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.0000038607 
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Examptea in Allernaling^urrents 

The values ot capacities, expressed in faradi, necessary to be con- 
nected in circuit with a, coil having a variable inductance, varying in steps 
of unit I'alue, from 1 to SO henrys, tiave been computed from the equation: 



4,';- 

arranged in table III, on 

If the frequency / ia kept at a constant value, and L b varied, then 
varies inverady with L, and inversely as the square of the frequency. 

It tor example; 

/ = 15 -^i then - 

Iff = 60^^, then — 17, = .0000070362 which is A of the vali 

when/ = 15-^- (15X4=00) 

The values have been tabulated on page 213 for the coi 
IrequencicB of IS, 25, SO and 00 cycles, for ready reference; but values 
other frequencies may be readily found from the values tabulated. 

Suppose the value of capacity, in farada, is desired that will neutral 
an inductance ot 5 henrys and produce resonance in a circuit in which I 
frequency of supply is 30 '^— , Look in column headed 50 ■*■*-' and multi] 
the value corresponding to 5 henrys, by 4; or look in column 
15 "^'i divide the value corresponding with 5, by 4. 

The value of capacity, necessary to produce resonance, when cc 
with 10 henrys, if the frequency ia 100 ->-, is . 000001013 divided by 4. 

The value of capacity, in farads, neccEsary to produce resonance, 
connected with I hetuy, in a circuit in which the frequency b SO,0(X^, 
found from column headed 50 ""^^ by 

dividing .00001013 by (1000)"= 1,000,000 = lo'; which ia 

=f8&USir='™0™000001013 farad. ( = .00001013 microfarad) 

It values are desired in microjarads instead of in farads, divide 
tabular values by 1,000,000 (onemilhon) or 10*. 

The foregoing explanations apply also to tables on pages 214 ! 
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Reactive pressure; compo- 
nent, 119.132 

Reluctance; synibol for.. 6 


Planimeter method 


79 


Plotting of parabolic- wav^s: 




Reluctivity; symbol for., 5 


prnmiEMi^.. 
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Resistance; apparent . , 117 


.Potential 
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Power factor 12,117 
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;Powera of trigonometrical 




frequBDcy, PROBLEM 57 - JOT 


functions 
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Righthandrule.. 48 


Pressure componentB 
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116 


6J; EXAMPLE 10 6S.7» 


Product of sines of three 




lordlipii^KBVOi.. . 82 


different angles 
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Production of electromotive 
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force , . 


47 


Rules for diHerentiating 


Pythagorean Theorem 
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Sinea of concurrent angles 

Single valued functions 31 

Solution of triangles , , , ,29, 30, 31 
Speed of alternatota ; 

EXAMPLE 1. " 

Specific inductive capacity; 

squares.. " 

Sum of sine- pressures; EX- 
AMPLE 18 97 

PLATEJI, J 

Sum o( sines of two dlfierent 
angles ,,....,..-. 23 

SummationifiymboUor 5 

Supwiorlimit 39 

Susceptance; 
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alueof TT- 213 

alue of € 5 

ariable quantities; 

depciulcnt ;in«l iiKlependoiit . . 46 

ector diagrams 136 

EXAMPLE 39 148 

Problem 39a 150 

also 186 

Problem 52c 188 

ector quantities 101 

'ectorial; Mini of two forces . . 27 

diffcroncc ot two force-: 27 

result aiit 26 



Vertical projections . . 
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I Examples in Alternating-Currents 
Vol. II. 



A contiuuatiou of the subject matter contained 
in Volume I. is expected to be on sale eariv in the Fall 
of 1916. 

Ttiis volume w-ill discuss fuuLlaraental principles 
applying to trausformera, generators, synchronous and 
induction motorSj and transmission lines. 

Especial attention vn\\ be devoted to the effects of a 

varying power factor upon the amount of line condiict^irs 

in two-phase and three-phase tranHmissiou lines; to-- 

i i gether with the amounts of line conductor as affecteti 

by effective and maxima values of line pressures. 

Questions pertaining to all-day efficiencies of dif- 
ferent machines and transformers will be disc\issed. 

Interesting and valuable information relative to 
line construction also considered. 

The general arrangement of Vol, II. is like that of 
Vol.1.; containing many important formulae, and data' 
for ready reference, not contained in Vol. 1. 

Subscription orders may be sent to 

PROF. F. E. AUSTIN 

Hanover, N. H. 
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How to Make a Transformer 

FOR LOW PRESSURES 

Review in "Machinery", May, 1915, 
How if) Make a Loio-Preasure TransJoTiner. By F. E. Aualin. 

14 piiges, 41 by 7 inches, IHuslratcd. Published by Prof. 

F. K, Austin, Ilanuver. N. H. Price 25 cents. 

This y]mtij)hlet describes llie conHtruction of a transformer 
to reduce cleclricnl pressure from IIU volts to about 8 volts as a 
minimum, for experimental purpoaee, such as operatii^ low voltaKe 
tungGten lamiie, ringing door cells, etc:. The directions should 
nt^le an amateui to make a successful transformer having good 
efficiency. The author states tliat the efficiency of transformers 
made in accordance witb hia iiiEtructiuiis has be^n found tu be 
over DO percent in many caSes, and nover below 85 per cent. 

Review in "Electrical World" July 17. 1015. 

lime to .Ifojte a Transfonner for Low Pressures. By. Prof. V. E. 

Alietin, Hanover, N. H. 14 pages, illus. Price 25 cents. 

This botiklet should jjrove useful to maateurs wishing to con- 
etniet amoJl tranaformers. The directions are clear, and satis- 
tMMry reeidts should be obtainable by any reader who wi!l carefully 
foUow the instructions. 

I>"Kim "Electrical Engineering", July, 1915. 

Hw to Make a Traiwfornter /or Low Pressurivi is the title of a 
smtdl book designed for "young America" by Professor F. E. Austin, 
Hanover, N. H. The book givca specific directions for procedure in 
constructing transformers, and the many transformers built according 
lo the specifications have shown wonderfully high efficiencies for 
small devic^es. The smnl! tmnsformers, when connected with the 
ordinary altcmntinp current house circuits, may be used to operate 
small elwt'-i'' tiL''-i'i. ■"l^rirhplls, small arc hghta and direct current 

toy rndn r. - ' Ill ■ 1 1 VI' or six loaded trains at one time. The 

t^t i& ■ .. -rive throughout to invite initiative on 

thejiriil ' Icviatefrom the 19 clauses of the speoifi- 

cationi~;ini| . ii ■ l:iv -..uiiitiona. Thepriceof the book ie25 cents. 

The above hook mav be obtained from the followini;: 

"The Wireless Age", 450 Fourth Ave., New York, 
N. Y. 

"The Scientific American", Woolworth BIdg., 
New York, N. Y. 

"Old Comer Bookstore", 27-29 Bromfield St., 
Boston, Mass. 

Distrilnitor for England, Geoi^e Humphry, 
Shieldfield. Newcastle on Tvnc. 

Prof. F. E. Austin, Iliuiover, N. H. 



Directions for Designing, Making 
Operating High - Pressure 
Transformers. 



11 

and I 



Review from "Electrical Engineering", July, 1915. 

A npw book entitled "DIRECTIONS FOR DE.S1GXING, 
MAKING AND OPERATING HIGH PRESSUHK TRANS- 
FORMERS," written lor those experiraentera who desire to i 

let their own Hpparalus, is also published by Prof. P. E. Auetiil. 
Tlio book Is a companion volume ot "How to Make a TransEormer 
for Low Pressures, " but containing more working directions and useful 
talks such aa loss due to Hysteresis, per cubio inch of iron core 

ioua UuK densities and freqtienciee; and data applyiog to copper 
magnet wire. The book is well illuBtrated with half-tone and line 

a showing Hpecifil methods of jiroeedure, fundamental theories, 
and finished apparatus. It is written in simple English, is full 
of 1«chiui7al information and new ideas relating to methods of 
design and construction, and will prove of great uaaistiinre til those 

) are pursuing correspondenoe courses or regular college ooursea. 
The price of the book is 50 cents, 

Review Irom "Electrical Worid", July 17, 191fi. 

IHrectwna for Designing, Making and Ojierating High-PTMaure 

TransSitTmws. By Prof. F. E. Austin, Hanover, N. H. 

pages, 21 illus. Price 50 cents. 

As a complete problem or example in transformer de 
this little book has appreciable educational value. It gives clear 
directions and provides the necessary data for construeting a practical 
3-kw., 20,000-volt transfonner. Notwitlistanding the fact that 
theoretical considerations and explanations are not omitted, this 
book atone would not give the necessary training in fundamental 
principles to the engineering student. The book may be read and 
opphed to useful ends without requiring a concentrated and t 
tained mental effort but in conjunction with other class books, 
both this and the twioklet by the same author on ion'-ienston trans- 
former design should be of value, 



Rpriew Iroia "Machinery", May, litl.i. 

Mnking atid Ojiernhng IJigh-Prenfur 
X.H.Pric* 50 cents. 



a tranafomiPT for low preaaures. It deacribra the mnking of aatep- 
up tmnsfomier, ifiving 20,000 volts, fof wLrt-les leleKcaphs, tefc- 
phonee, fir opcrniing tube Ludjis iind X-rixy tubes. The rnnthcmn- 



liciJ maHer in trcnlcl in ;i simple n-av that ia well within th. , ... 

Etehenaioii o[ llie iinuttL'Ur hIio wfiufil be ioiermted in bviiMiiii; .1 
igb^in^siirf tratwfoniwT Utv exi«Timentiil jmipostw. All iii:ii' linl- 
MV spccifiivl !infl all calculalions nre worked out for liio liuidcl 
described. PnibHldj- no exci'oisc would give the iiverage slmlL'nt 
finniT gTBSl) iif eli-elKcal i)riiieip!es than the builtliag: of n piece 



The hook dealing wilh high-pressure transformers 
may be obtained from the following: 



"The Wireless Age", 450 Fourth Avt-,, New York, 
N. Y. 



"Munn&Co.." Woohvorth Buildinp:. New York, 
X. Y. 



"Old Comer Bookstore", 27-29 Bromfield St., 
Boston, Mas.*. 



Distributor for England, George Humphry, 

Shieldfield, Newcastle on Tj'ne, 10 Sarah St. 



"Hill Publishmg Co.," 10th Ave. at 39th St., 
New York, X. Y. 



Prof. F. E. Austin, Hanover, N. H. 
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The Handbook of Today 




aible to evt-rj- engineer. 




The Handbook of Tomorrow 




will be bMcil on ibe experience of today as wU ;iM yesler- 
ffiiding the 




Electrical World. 




h reflects the beat ihoughie of ihe best minds in evay ! 

thoitght, event and tendency is noWd, noalyzed, digested 

and recorded for you. 

.Subscripiiona 93.00 per year in the Uiuteil Stat«3, H,50 

SAMPLE COPY GRATIS. WRITE. 




McGRAW PUBLISHING CO., INC., 




239 West 39th Street, New York, N. Y. 


SANBORN'S 




MECHANICS' PROBLEMS 




PROF. FRANK B. SANBORN, C. E. 




A Book for Technical and Engineering 




Students. SI. 50 Net 




Published by 




JOHN WILEY & SONS, New York, N. Y. 
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Electrical Engineering 

The Leading Monthly Technical Magazine 

for Electrical Engineers of 
Responsibility. 



Contains the results of the experience, 
exclusively published, of scores of America's 
most able electrical engineers. 

It discusses in detail the problems met in 
the generation, transmission and consuming 
of electrical energy. 



Over 600 pages of reading annually. 

SI 00 for 2 years' subscription. 



ELECTRICAL ENGINEERING 

Grant Bld^., Atlanta, Ga. 



• 




Fully Illustrated with Plates and Diagrams. 

For students of 

Physics and Electrical Engineering 

who arc pursuing regular college couri-es ur wlio are 
studying tUc subjects by themselves. 

The book is written in such simple English as 
to be perfectly intelligible to an ordinary High-School 
pupil, yet imparting interesting and valuable informa-' 
tion of a technical nature regarding magnetism. 

Particular attention has been given to the con- 
sideration of the application of the fundamental prin- 
ciples of "Mechanics". 

Not a book of "problems", but of carefully solvfl^' 
examples. The fundamental equations are carefully' 

stated and data systematically arranged. 

Teaches how to logically and confidently solve 
problems and apply the results in practice. 



Price post-paid in the United States 75 cents. 

Remit amount with order to 
Prof. F. E. Austin, Hanover, N. H. - - Bos 441. 
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